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PREFACE. 


#The present work is intended to complete the sub- 
ject of Plane Trigonometry as far as it is usually read 
in Scliools and in the junior Classes at the Universities. 
The introduction of the hyperbolic sine and cosine is 
an innovation which seems fully justified by their im- 
portance in other subjects, and by the simplification 
effected by their use in the statement of many theorems 
and formuhe. I wish to thank the Master of Gonville 
and Cains College for his valuable advice and as- 
sistance and for his permission to insert the proof given 
in Art. 62. The method of pi oof employed in Art. 47 
was first suggested by Professor Adams. 

I shall be very grateful for any suggestions or cor- 
rections from teachers or students 

Eton, 

March, 1881. 

The Second Edition has been revised and a few 
alterations have been made where experience suggested 
that the text was too concise. 

The Hyperbolic Functions have been treated more 
fully on account of their increasing importance in the 
Integral Calculus. 



VI 


rilEFACE. 


A method has been inserted of obtaining the 
expression of sin^ and cos^ in factors which does 
not depend on the hxctors of — 2x^ cos ^ — 1. 

The Third Edition has l^ecn very carefully revised 
and many misprints have been corrected. The chapter 
on the interpretation of J—l has b(‘en re-written. 

The Fourth Edition has been enlarged by®tho 
addition of a chapter on Antiparallels. 

j r>. L 


CaiUS CoLLE(iE, 
Apill, 1S91 


NOTE. 

References to the Articles in the Iliglier Trigonometry arc 
given thus [Art. 100] ; references to the Elementary Trigonometry 
thus [E. 100]. 

The Articles and Exercises which are marked with a star 
should l)c omitted when the subject is read for the first time. 

The order of the Chapters may in many cases he varied at the 
discretion of the teacher; in particular the last two Chajitcrs 
may often be read as an Appendix k) the Elementary Trigo- 
nometry. * 

Those of the examples which arc not original, have been 
selected from the various Examination Papers which have been 
set at Cambridge in the Tripos and in the different College 
Examinations during the past forty years. Various Examination 
Papers are appended for the information of intending Candi- 
dates 



CONTENTS. 


oiiAp. page 

I. Exponential SeriOH ... 1 

Loganthniio Series . . 1 

Certain Limits . . . 8 

II Be Moivro’s Theorem . .12 

The 11 nth roots of a numbei 19 

III. Kesults of Be Moivre’s Theorem . . 24 

Exponential Values of Sine and Cosine . 2C 

IS periodic .... 80 

Expansion of tt in a Conveigeiit Series . 32 

Numerical Value of tt . . . . 85 

Expansion of (2 cos 6)^'- . . 86 

Factors of - 2j;*‘ cos . . 88 

IV. Proofs without the use of V( “ 1) 

Expansion of sin 0 and of cos 0 . 44 

The Hyperbolic Functfons . . 18 

Geometrical Interpretation .... .50 

Expansion of (2 cos a)*' and of (2 cosh a)’‘ . 58 

Expansion of 2 cos na and of 2 cosh na 62 

Symmetrical Functions ... .70 

Factors of - 2 cos 7ia + 72 

Geometrical Interpretations .... 73 

Be Moivre’s and Cote’s properties of the Circle 73 



vni 


CONTENTS. 


CHAP. PAGE 

V. Summation of Series . . ... 76 

Expansion in Series . . . 84 

VI. Resolution of Circular and Hyperbolic functions into 

factors . . . 88 

VII. Geometrical Interpretation of V ( - 1) • • • 103 

VIII. Theory of Proportional Parts . . . 108 

IX. Errors in Practical Work . . . • 122 

X. Geometrical Applications 130 

The Nine-Points Circle .... .130 

It touches the Inscribed and Escribed Circles . . 133 

Xa. Antiparallels 139 

XI. The Use of Subsidiary Angles . . 157 

Elimination ... 161 

General Miscellaneous Examples . . 166 

Examination Papers 182 

Answers . . . . . 206 



CHAPTKR I 


iXiiK Exponential and Logaiiitiimic Series. 


1. The series 

1 + n + ^ + I >1 + etc* ad inf. 

jl 12 1 3 j4 

is of importance. Hence we prove as follows : 

I. It is positive , and it is less than 3. 

For it is less than 

2^^ etc., 




i. e. less than 1 + 1 f ; 

i.e. less than 1 + 1 + 1. 

IT. Since it is positive and less than 3, it is convergent. 

I II. ^ Its value is 2*71828182... 

This may be easily calculated. See Ex. I. (1) page 2. 

IV. It is incommensurable. 

For suppose that it is commensurable j it can then be put 
into the form ~ where iti and 7i are integers. In this case 

m 1 1 1 1 ^ 1 1 

- l*t‘ 7 Y"ti^+,rt + etc. + ^ h + etc. 

n 1 2 3 \n ?i + 1 


L. II. T. 


1 
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TRIGONOMETRY, 


Multiply each side of this supposed identity by In ^ then 


VI j n - 1 a whole number + 

1 


1 


. + 


1 


But 


n + 1 (n + 1) [n + 2) 
1 


+ etc. 


»4+ 1 ■^(w + + 

1 


is a ])roper fraction; for it is greater thaii — and less than 

1 1 1 . 1 , l' 

, 4- , — + 7 l^ss than - . 

n+1 (n+l)“ (n+ly n 

- 1 (a whole number) 


Hence we have to suppose that v 
a whole number + a proper fraction; which is absurd. 


V. Since the numerical value of the series is incom- 
mensurable, and we know of no surd or other algebraical 
expression that is equal to it, it is usual to express its 
numerical value by the letter e [cf. E. 28 ] 


EXAMPLES. I. 


(1) Calculate the value of e by taking the first eleven terms of 
the series. 

(2) Prove that the first 1.3 terms of the series will give the value 
of c correct to 9 significant figures. ^ 


/ox ^ 2 4 fi 8 ^ 

(3) Prove that - + _ + ^ + etc. == e. 


... ^ .. . 11 + 2 l + 2e3 1 + 2 + 3 + 4 € 

(4) Prove that [2 ' [3 “ |4” ' |.5 ‘ 2 ' 

X 

(.5) Prove that the series 1 \ , « 4- + ctc is convergent for 

ll \- C 

all values of x. 

(6) Prove that the series x - - Jx*4 + etc. is convergent if 

X is greater than - I and is not greater than 1. 



THE EXPONENTIAL AND LOGARITHMIC EERIER. % 


2. Expansion of e' in ascending powers of x. 

Since 4- + i) } always I. 

and since by the binomial theorem 




1 + 


-f etc. 


+ X 

And similarly 


O Tixinx— 1) /I N’ 

^ 172“' \n) 

-. l + a)+_V . V V 


1 . 2 


1.2.3 


-h oic.IT. 


j , 7^ “7 i(i- )(i-7 

\ nj 1.2 1.2.3 


+ etallT. 


Therefore T may be written 

j 


) i(i -7 ) I 

11 + 1 + Jl !iZ + ^ y + etc.! 

1 1.2 1.2.3 ) 

x(x-l) x(x-l)(x-l) 


1 + a; 4- 


-f etc 


1.2 1.2.3 

This statement is arithmetically intelligible and true 
provided both these series are convergent. 

They are convergent for ^11 values of n greater than 1. 

Therefore they are arithmetically intelligible and true 
however great n may be. And in the limit, when is in- 
finitely increased, the above statement becomes [cf. Art. 8j 

-v 1 4- 1 4- 4- jTi etc. > -14* .71+ ' 4- ~ 4- etc. , 

'■ r 14 h 14 

, - X x' X* 

or, e „1 + -^. + _^+ ^^+etc. 

This result is called the Exponential Theorem. 


1—2 
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TRIGONOMETRY, 


3. To expand a* in ascending powers of x. 

We have + etc. 

li \‘l c 

Let a be any number, and let c — log^n, so tliat e/ a. 
Then = = 

Therefore 


1 -f 


li 


’(logej*)’ 

12 


a;’(logg«)^ 

+ ’ ,o 

£ 


The Logarithmic Expansion. 


4. In the above expansion put 1 4- y for and we 
obtain 

(1 + 2/)" = 1 + — + etc. 

This may be put into a different form thus. 

^ y) ^ jf + y)}' + co»- 

taining higher powers of x 
= log.(l +y) + x.E, 

where i? is a quantity which is not infinite when x=0. 

The limit of the right-hand side when 05 = 0 is logg(l +y). 
The limit of the left-hand side may be found thus : 
(l+y)*~l If x{x-l) x{x-\){x-2) 3 * ) 


a;-l , (ic-l)(a;-2) ^ 

= y+ y + — |3 - V+etc., 


and this, when 05 = 0, has for its limit 

y-iy' + 3/-Iy‘ + etc. 

This series is convergent when y iii equal to or numeri- 
cally less than 1. 
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Therefore, when y lies between — 1 and -f 1 or is equal 
to 1, 

iog«( I + y) = y - J • / + ', • y’ - i • y* + etc. 

This is the required Logarithmic Expansion. 


EXAMPLES, n. 


(1) Calculate the numerical value of twelve terms of the neties 

x^ 1 

1 +-^+ .T+ +etc. when a;= - 1, and show that 

(2 \6 e 


Prove the following statements 


2 4 0 ^ 1 

(3 + |5 + j7 + etc. = ^. 


1 


1 _ 1 

2.3 4.5 6.7 

and calculate the value of log^2 to 2 decimal places. (Result *611 ) 


- - etc , 


(-'>) log, = 2 {y + + Js/'* + etc i . 

^ ky+l + 3(2y + l)» ^ 5(2y + l)'> + ‘'*®-{ 

= log, = log, {l + y)~ log, ij. 

(7) 2 log, 1 / - log, (^ + 1 ) - log, (i/ - I ) 

, ^ 1 2y2 - 1 3 (2y2 - !)•< + 5]2yT^)» + 1 ' 

(8) Prove that 

log, (n + 1) - log, (n - 1) .-= 2 1 1 + T + + etc. | . 

(0) Use the series of Ex. (8) to prove that log, 3 — 1*008612. 

(10) Use the series of Ex. (7) and the result of Ex. (9) to prove 
that log,2 = -693147. 

(11) Use the result of Ex. (9) and the series of Ex. (6) to prove 
that 10^,10 = 2-302585. 
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TRIGONOMETRY. 


On the Calculation of the Table op Logarithms. 


5. Tlie series for logg(l + y) is only convergent provided 
y is not greater than 1 and is gre.ater than - 1 ; also, unless 
y is small, the series converges very slowly. 

It is therefore not a convenient series for the purposes 
of numerical calculation. 

We proceed to obtain such a series. 


6. Since log,(l + y)--y - + Jy’ - ly* + etc. [Art. 4.] 

therefore log. ( 1 - y) = - y - ^ y’' - ^ y’ - ly‘ - etc. 

Hence by subtraction 

'*’8. f y = 2 {y + + li/ + etc. }, 

where y must not be numerically greater than 1 . 

Let 7n and ii be positive integers, and let m be > h ; then 

^ is less than 1. Put — - for y in the above result. 

711 + n 7)1 + 71 


Then 


lofi! 




7n — 71 1 /m 

7n+ 71 3 V 


71 

m + n, 


+etc.|. 


Let 7)1 — 71+1 in the above ; then 
log.(«+l)-log.n=2{2^j+3 


1 


^^n+l) 


,4- etc. 


This series is rapidly convergent, and wo liave thus an 
eiisy method for obtaining the logarithms to the base e of 
successive numbers. 


liOgarithms to the base e ar6 called Napierian Logarithms 
from their inventor. fE. 227.1 



ON THE CALCVI.ATION OF COMMON LOGARITHMS. 7 


The logarithms are calculated thus : 

Smcelog.{«+l) -log.» = 2 1 + 3 + + ’ 

in this formula put 1 for n. 

Then since log 1 = 0, we can calculate the value of log/2. 

Next put 2 for n in the abovif formula, and we can calculate the 
value of log, 3. 

And so on. 

Thg number of terms of the sciies which it is necessary to include 
diminishes as 71 increases. 

In this way a Table of the ‘Napierian’ Logarithms, of all whole 
numbers up to any desired magnitude may be determined. 


On the Calculation of Common Logarithms. 

7. We know that log^76 — log^ 10. [E. 209, 210.] 

Hence, a table of Napierian Logarithms having been 
constructed, from it we take log^ 10 (= 2*3025850. . ) and 

calculate r — *43429448; the table of Common Logs of 
log, 10 

whole numbers is then formed by multiplying eacli of the 
corresponding Napierian Logarithms by *13429448.. . 

, EXA*MPLES. III. 

(1) From the preceding data calculate 

logi()2, logioS, logiyO. 

(2) Find log, 7 and thence calculate logj^?. 

(3) If fi = log^y prove that 
logio(K+l)-logi„»l 

|2)r+i ' 3(2tt+l)»‘''6l(2n + l)»'' ®‘®j • 
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TlUGONOMETliY. 


8. In Art. 2 the limit, when n is infinite, of 


is assumed to be . 

ir 

This is clear as long as r is not comparable with n. 

That it is true for all values of r may bo proved by 
induction, thus : - ^ 

* £C 

Assume that the above expression = — -i- i?, where R is 

a quantity whose limit is zero when n is infinite ; multiply 

each side by the factor /a;-- ? ^^iid we obtain 

^ \ 71 / r -f 1 


-("-9 


1 7* + i ^ r 4- 1 


jr+l 
7i * 7* + 1 




1 7* 

In this, when 7i = oo , R 0, - = 0, and — , !— diminishes 

’ 71 ’ 7* + 1 1 7* 

as r increases. Thus, if the proposition is true for any value 
of 7’ it is also true for r + 1. This proves the proposition. 

9. 'prove that the limit of ^cos , wheti n is in- 
finitehj increased is 1. • 

Since cos^ - = 1 - sin^ - : 

71 n 


••• log (cos “) = log (l - sin» “) = I log (l - sin» 

7^(.J,a l..a r*.in 

rr - - ^sm - + X sim + vr sin® - etc.V . [Art. 4.1 
J i n 2 71 3 n j ^ 

The series in the bracket is convergent since sin* — is 



ON CERTAIN LIMITS. 
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less than 1. The series is less than the G. r. 

sin^ - L sin^^ + sin® - + etc., 
n n 7h 


i.e. less than 


1 — sin' 


— , that h>, tlian tan^ - . 

o a 


. lo" (con is between 0 and in tan“ —I , 

^ V nj 2 [ n) 


that IS between 0 and — }- tan^ ~l 

2 (a 71 ) 71 

OL 

The limit of tan® — when - O) is 1 

a 7t 


The limit of — when 7i~co is 0. 
n 


[E. 290.] 


and therefore the limit of 


10. The hi nit of 


. . lo" (^cos - ) ~ 0 when 7 
\ ’V 

the limit of ( cos - | is 1 . 
\ n/ 


when n is hifi)utehj increased 


6 1 

We have (E. 289) 1, . — - in ascendiim order of 

^ ' sin^ cos 6/ 

magnitude, when 0 is less than 90”. Therefore also 


. a fi / aV 

nn - / cos - ) , 
71 ' \ n/ 


! in ascending order of magnitude. 

Now let n be infinitely increased and tin 


between 1 and a quantity whose limit, by Art. 9, is 1. q.e.d. 
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^EXAMPLES. IV. 

( 1 ) Tiove that tlie limit of when n is inhnitely increased 

is 1 . 

( sin 0 \'‘ 

when 0 IS in finitely diminish- 
ed is 1 . 

(3) Prove that the limit of (cos ) is when n is infinitely 

increased. . 

(4) Prove that the limit of ( when n is infinitely 

increased. 

(Ij) Prove that the limit of (cos 0)^”*' where ?/i is an integer, and 0 

is infinitely diminished is zeio, c , or 1 accoiding as jn is gieater, 
equal to, or less than 2 . 


^MISCELLANEOUS EXAMPLES. V. 


(1) Bince a*= {l + (a- l)j^ prove by expanding the right-hand 
side that a* = l + f Jg.r'^-i-etc., 

where d ^ = (n - 1 ) - J (n - 1)2 + J (a - 1 )® - etc. 


( 2 ) Since = expand and a* by the theorem of 

Ex. 1, and by equating coefficients of prove that 
Ai + 2J,jy-h 3.4 32/2 ^ etc. — A^a^, 

, Expand a*', and by equating the coefficients of the various powers 
of 7 / find J.j, A^, fete, in terms of Ay 


Result 


a* = 1 + > 1 j.r f - 1 + —] etc 

I" E 


1 

(3) Show that a^i in the last exanudc is e. 

Hence by Ex. 1 jirove that 

log, a= (rt - 1 ) - 4 (a - 1)2 4 - 4 {a -- 1 )*^ - etc. 

1 1_ 1 

(4) Prove that log, n = m {(im - 1) ~ J {nm _ 1)2 4 - 4 _ 1 )"^ etc . } 

1 

Hence, having given that 102“- 1 = •000000000538112, prove that 
log, 10 = 2-30258. 
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(5) Prove that log (« + d) - log n = - ctc.j . 

Hence if w bo a number greater than 10000 and d a number less 

than 1, prove that ^ S = 4/ to a sufficient approximation 
’ ^ log (n + d') - logw d' ^ * 

for all practical purposes. * 

(6) Prove that 

sm 0 — 2" cos - cos „ cos x . . . x cos — sin - , 

^ 2 2-^ 2** i’* 2" 

and hence deduce Euler’s formula 

n ^ 0 ^ ^ 

am 0=^0 cos rr cos oos - x x cos -- x 
2 2-* 2** 


(7) Prove that 

log f j = log cos 2 + log cos + iog cos + etc. 

(8) Prove that 

log sin 2a + log cot a = cos 2a - J cos^ 2a + J cos® 2a - etc. 



( ) 
CHAPTER TL 
L)e Moivre’s Theorem. 




11. We are about to make use of the symbol J-l, 
which we define to be ati expression whose square is — 1. 
It is clear that, whatever meaning is given to the symbol 

1, it would be quite useless to give to it a meaning such 
that — 1 could not be sliewn to follow the ordiiiary laws 
of Algebra. In^ Chapter VJ 1 a meaning is given for — 1, 
and it is shewn tliat with that meaning, ^ — I does obey 
the fundamental laws of Algebra. ; 

In tlie present Chapter we shall use - 1 and assume 
that it does obey the laws of Algebra f. 'v 

Since the squares of all numbers whether^ positive or 
negative are always positive, and since (^— 1)^~-1, it 
follows that J —I cannot represent any numerical quantity. 

Again (by the laws of Algebra) 

= \ a, 

therefore cannot represent any numerical quantity , 

accordingly y/ — 1 x « is called an imaginary expression, and 
it follows that such a statement as A + Ji J — 1 — a + b 1 
can only be true when A — a and /j=b, 

1 2. De Moivre’s Theorem. Whatever be the value of n 

positive or negative, integral or fractional, cos 1 sin na 

is one of the values of (cos a + .y — 1 sin a)". 

I. When is a positive integer. 

Consider the product 

(cos a-\- J ~ 1 sin a) x (cos ^ + J sin p). 
t Cf C Smithes Algebra, Art. 180 . 
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Jt is equal to 

cos a . cos P — sin a . sin ^ + J —\ (cos a . sin 4- sin a . cos P) 
That is to cos (a + p) + J ~ 1 sin (a + P). 

Similarly tlio product 

{cos (a + p) + J sin {o. + p)\ x {cos y 4 ^ 1 sin yj 

is equal to cos (a 4 4 y) + 1 sin (a + /? 4 y). 

Proceeding in this way we obtain that the product of 
any number n of factors, each of the form cos a 4 J - 1 sin a 
is equal to 

cos (a 4 ^ 4 y 4 . . . terms) 4 J— 1 sin (a 4 4 y 4 n terms). 

In this result let ^ - y = etc. - a, and we have that 
(cos a 4 — 1 sin a)'* = cos na \ J na. 

Thus, when 7i is a ])ositive integer, l)e Moivre’s Theorem 
is true. 


II. When n is a negative integer. 

Let n = — Qti. Then m is a positive integer. And 


(cos a + y — 1 sin a)" = (cos a 4 ^ — 1 sin a) *" 
1 1 


cos rna 4 ^ ~ 1 sin ma 

cos ma — - 1 sin ma 


[% I.] 


(cos a 4^-1 sin a)"* 

1 

COS ma 4 y — i sin ma cos ma — y — 1 sin ma 

cos ma — y - 1 sin ma cos ma — y — 1 sin ma 
COS* 7)ia 4 sin* ma 1 * ^ 

Therefore (cos a 4 y — 1 sin a)” - cos ina ~ J -I sin ina 
- cos (— m) a 4 y — 1 sin (— ?n) a = cos na 4 y — 1 sin na. 
Thus De Moivre’s Theorem is true when n is a negative 
integer. 
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III. When n is a fraction, positive or negative. 

Let where •p and q are integers. 

Now (cos yS + — 1 sin cos q^-^- J — 1 sin qP. 

[By I. and IT.] 

Therefore taking the root of both sides 

cos /? + y- 1 sin^ * 

1 

is one of the values of (cos qP + J— 1 sin q^)\ 

or, writing a for qB. cos ^ + J — \ sin - 

q q 

1 

is one of the values of (cos a + 1 sin ay. 

Therefore fcos - + J — 1 sin 

\q V 

that is cos ^ - 1 sin ( By I. ] 

p 

is one of the values of (cos a f ^ - 1 sin a)^. 

Thus the theorem is completely established. 

Example 1. If A aland for cos 2a + i sin 2a, and B, Cy D for 
similar expressions in terms of /9, 7 , 5, simplify (A + B) (0-f-D) 

(A + B)—co{i 2a + i sin 2a + cos 2/3 + i sin 

= 2 cos (a + /3) cos (a - /3) + 2i sin (a"+ /3) cos (a - /9) 

~2 cos (a~/3) {co 8 (a + /3) + i 8 in(a +/S)}. 
so (0 + D) = 2 cos (7 - 5) {cos (7 + ^) 4 -isin (7 + 5 )}, 

(A+B)(C-hD)^4 cos (a - ^) cos (7 ~ 5) {cos (a -f /3) + 1 sin (a + /S) } 

{cos (7 + 3) + i sin (7 + 5)} 
= 4 cos (a ~ /3) cos (7 — 5 { cos (a - 4 - /3 -f 7 4- 3) 

4-i sin (a 4-/34 - 7 + 3)1 


by De Moivre’s Theorem, 
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Example 2. AssumiTKj De Moivre’s Theorem, prove that 
sin (a + ^ + 7) = sin a cos ^ cos 7 + sin /3 cos 7 cos a 

+ sin 7 cos a cos p - sin a sin ^ sin 7. 
By Be Moivre’s Theorem we have 
cos (a + 4- 7) + I sin (a + /3 H 7) 

= (cos a + 1 sin a) (cos p 4- i sin /3) (cos 7 4- 1 sin 7) 
= cos a cos /3 cos 7 - cos a sin sin 7 - cos ^ sin 7 sin a 

- cos 7 sin a sin /3 4- i {sin a cos ^ cos 7 4- sin /5 cos 7 cos a 

4- sin 7 cos a cos jS - sin a sin sin 7} . 

Now an identity of the form A +iB = II + iK can only be true 
when A— II and B -K\ hence 

sin (a 4- ^ 4- 7) = sin a cos /3 cos 7 4- sin ^ cos 7 cos a 

4- sin 7 cos a cos fi - sin a sin sin 7. 

EXAMPLES. VI. 

(1) If A stand for cos 2a 4- i sin 2a, and B, C', D for similar ex- 
pressions in terms of 7, 5, prove that 

AB 4- CD = 2 cos (a 4- - 7 - 5) { cos (a 4- 4- 7 4- 5) 4- 1 sin (a -}- 4- 7 4 5)} . 

(2) With the notation of Ex. 1, prove that 

1 _ si n (g 4 - 4- 7 4- 4“ t cos (a 4-/3 4- 7 4- 5> 

A B — CD 2 sin (a 4-/3 - 7 - 5) 

(3) With the same notation, prove that 
(A-B) (C-D) 

=r - 4 sin (a sin (7 - 5) {cos (a 4-/3 4-74- d) + ism (a 4-/34-74-5) }. 

(4) With the same notation, prove that 

1 cos (a “t- /3 4- 7 ^ sin (a -4- /3 4- 7 'I* 

(d 4- B) {C + D)~ 4 cos (a - /3) cos (7-5) 

(5) ^ith the same notation, prove that if 

{A 

then 11 = I (a 4- /3 4- 7 4- 5) cosec (/3 - a) cosec (7-5). 

((5) Assuming Be Moivre’s Theorem, prove that 
cos (a 4- /3 - 7) — cos a cos /3 cos 7 4- cos a sin /3 sin 7 4- cos /9 sin 7 sin a 

- cos 7 sm a sin /3, 

(7) By the aid of Be Moivre’s Theorem express sin (a 4- /3 4- 7 4- 5) 
and cos (a 4- /3 4- 7 4- 5) in terms of the sines and cosines of a, 7 
and 5. 
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( 8 ) By the aid of De Moivre’s Theorem express sin 4a and cos 4a 
in terms of the sines and cosines of a. 

(9) Prove that 

cos (a + /3 + y. . . n terms) + i sin (a + + 7 + n terms) 

= cos a . cos /3 . cos 7 . n factors 
{ (1 + 1 tan a) (1 -f i tan /9) (1 + 1 tan 7 ) n factors } 

( 10 ) Ih-ove that 

sin(a + /3 + 7 + ...n terms) .etc 

cos a . cos /3 . cos 7 . . w factors 1 j / 

where stands for the sum of tan a + tan /3 -f tan 7 + . 7 i terms etc , 
stands for the sum of the products of these tangents three at a tim(‘, 
and BO on. 

(11) Prove that tan (a 4- /3 + 7 + . .n terms) — ** ^ 

1 “ Siy CtfC* 

where Sg, ... are defined in Ex. (10). 

(12) Write down the last term of the numerator of the fi action m 
Ex. (11), ( 1 ) when n is even, ( 11 ) when n is odd. 


Use of De Moivre’s Theorem. 

13. It is known from the Theory of Equations that 
there are q different values of a?, and no more, which satisfy 
the equation - a, where a is real or of the form 
A + ^(-l)B. 

We^an prove that we may obtain q different values by 
De Moivre’s theorem, and no more. 


14. The expression cos $ {- J t,-- 1 sin 0 is unaltered if for 
0 we put (6 + 2r7r), where r is an integer. 

6 + 2r7r / . 0 2r7r 

Hence cos ■¥ J - \ sin < — , 

9 9 

which is one of the values of 

1 

{cos (0 + 2r7r) + J ~l sin {0 + 27*7r)}’ , 
is one of the values of 


1 


{cos 6 + J ~ \ sin BY 
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15 By yiruKj to V the values 0, 1, *2 . q- 1 we obtain 

TjV I 1' 0 E "liVTT t , • 0 -h 2v7r J 

c{(CtJ/ereut calaes oj cos — 1 ; ami what- 

ever inteyral value we yive to J*, we cariuot obtain more tJatn 
<1 different values. 



Take a circle, centre 0 and radius OR Let ROI\ be 

Q 

the aimle - . Divide the whole circumference of the circle 
<1 

starting from 7^^, into q equal arcs, P^l\, PJ^z^ 


Then each of the angles Pff)P^^ FfiP^^ ...etc. is 

ecmal to ; and in describing tlie angle f- + the re- 

q \Q 9 / 

volving line, starting from OR, turns first into the position 

0I\^ and then on thiough /• of the angles PfiP ^ , PfiP^j etc. 
Hence, whatever integral value r may have, OP must stop 
in one of the q positions OP^, OP^, OP^, etc. and it can 
stop in no other position. 

rin a ^ + 2r7r # — . ^ + 2r7r 

Ihererore tlie exnression cos -f ^ — 1 sin 

q ^ q 

cannot have more than q different values. 

Also no two of these q positions are equi-sinal and at 
the same time equi-cosiiial. 


L. H. T. 


o 
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TRIGONOMETRY. 


Therefore this expression has q different values. 

Also by giving to r the values 0, 1, 2, ... (<7 - 1), in suc- 
cession, or will be made to stop in each of the q possible 
positions in turn. 

Therefore by giving to 1 the values 0, 1, 2 . (<7- 1) in 
succession, we obtain tlie q different values of the above 
expression, q. e. d. 

16. An expression of the form A + J - \Bj where and 
B are arithmetical quantities, can always be put into the form 
r {cos a + sin tt} 

Let A cos B- r sin a. Then 

A^ + B^ ^ r*(cos^'tt + silica) - and 

cos a - - = -fTy * -TJf ) ^ 4- VP T/?) ^ 

whence a and r can always be found. 

It will be convenient to take r positive ; then we must 
take a in that (juadrant which makes cos a of the same sign 
as A, and sin a of the same sign as B. [Cf. E. 148, 149.] 

Example i. Express 1 + mJ -1 in the form r {cos a H- - 1 sin a) 

Here rsma=l and rcosa = l, • r^=2, C 08 a = sin a= 4/1^2 

Example ii. Express ( - a) 'in the form r (cos a + i sin a). 

Here r cos a — - r/, r sin a = 0, . •. ? - = a®, a = (2n + 1) tt. 

-a = a {cos(2?i-f 1) w + i ain (2w+*l) tt}, where n is an integer. 

Example iii. Find all the values of 16 h 

Ici = 2x^/1 

t • • rt in nw..mr 

l = co8 2/i7r + i sin 2ri7r, ^yi^cos -i-isin-— . 

The four values of which are found by putting for n the values 
0, 1, 2, 3 in succession. 

They are 1, t, - 1, - / ; hence the four values of 16^ are 
i2, ±2^(-l). 
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Example iv. Enid all the values of {v*l “1)/^- 
Let - 1) = r (cos a + t Bin a) then or r = 2 

cosa = ^^3, sma=-^, • a— -J tt, 

hence {V3 -n/(- l)ji=^‘2 + f 

and the five different values can be found by putting for 7 i the values 
0, 1, 2, 3, 4 in succession. 


EXAMPLES. VII. 


(1) Plxpress (i) 1 - 

(ii) x/3 J -ly 
(ill) -I 

each in the form r(oosa-t ^^sina). 

(2) Find all the values of 

(1) {1^2 + V2V=’1)1 
(ii) (Vh + V -1)^ 

(ill) (J'A + J -\)K 

(3) Find all the values (i) of IL 

(ii) of 32 

(iii) ’of 27\ 

17. If we express any arithmetical quantity a in the 
form of a De Moivre’s expression we obtain 

a (cos 2r7r J - \ sin 2r7r), 

i, e, the product of a by the De Moivre’s expression for tinity. 
Therefore the n /tth roots of any arithmetical quantity a are 
found by multiplying the arithmetical wth root of a by each 
of the 71 ?ith roots of unity in succession. 


2—2 
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TRIGONOMETRY. 


The roots of unity are therefore important. 

Find all the valuer of or solve the equation x" - 1=^0. In other 
words, find the factors of x" - 1. 

Since cos 2nr + ^ ~1 sm 2r7r = 1 . 

It follows that x^^ — coH 2nr + ~1 8in27*7r, wheie i is an integer, and 

theiefoie c— cos 1 sin . 

n ^ n 

This lesult is best discussed hy means of a liguie. 



I. Let n he a >vhole nunibei. 


Let the angle — — . On the circumference of tlie circle 

° ^ n 

centre O and radius OiJ, measure off aics Pi7*2» equal 

to PPj. Then since n .ROP^ — ^tt, n of these arcs will occupy the 
whole circumference, and will coincide with OR. Also, if r be a 

2/ TT 

whole number, in describing the angle the revolving line,^staiting 

from OP, must stop in one of the positions OP^, OP,^y etc. and in no 

other. No two of these positions are both equi-sinal and equi-cosinal. 

11 • 27'Tr # — - , 2?*7r 

Thus the expression cos — 4- v - 1 Bin — 

has n different values, and no more ; and these values can be found 
by giving r in succession the values 0, 1, 2 n - 1. 

When r = 0, a; = 1 : when n is odd this is the only arithmetical value ; 
when n is even, there are two arithmetical values ; for let n—Hm, then 
when r=:m, 1. 



wth HOOTS 01* +1. 


21 


In any case, the angles HOP^ and jROP„^i are equi-cosinal, and 
sin ROP^ — - sin ROP^^^^. The same thing is true of ROP^, ROP^^^^ 
and of ROP^, ROP^-^y and so on. 

„ 2v / — :r 2ir , 27r , — - 27r 

Hence x - cos — ^7 - 1 sin , and x ~ cos — 4- v/ - 1 sin , 
n ^ m n ^ n 

are factors of a;" - 1. Their product is 

/ 2ir\‘^ . 2Tr . ^tt 

I a; -cos ) -i-sin^ — , i.c. a:- - 2a; cos f-1. 

\ n J n n 

Hence wc obtain tliat m being a whole number 

- 2a; cos 1 ^ quad- 
ratic factors, 

in quadratic factors. 

rxT -L T A ^TT / 27r 

[Note. Let a = cos — -i-Ay-lsin — , 

^ n ^ n 


then 


2r7r /—V . 2r7r 
cos vJ-l sin — = oT, 


n ^ n 

Therefore the roots of the equation a;” - 1=0 are 1, a, a^, 


II. When 71 is a fraction in its lowest terms = - . Then a;«- 1 = 0, 

a 

or a;>^-l<^ = 0, or a;P-l = 0. This is the same as the case already 
discuss^. 


III. When n is incommensurable (e.g. J2). Then as before 

2r7r / — - . 2rv 

X ~ cos - - + w - 1 sm - 
n ^ n 

. 2TTt 

In this case, r being an integer and n incommensurable, — can 

n 

never be an exact multiple of 27r. The angles will therefore not 
recur geometrically and the equation will have only one real root, 
viz. 1, and an unlimited number of symbolical roots. 
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EXAMPLES. VIII. 

(1) Find the roots of the equation .r'* -1 = 0. 

(2) Find the quadratic factors of - 1 

(3) Write down the quadratic, factors of - 1 

(4) Solve the equation a:* - 1 = 0. 

(5) Give the general quadratic factor of _ nso 

(6) Find all the values of ^^^1. 


To find the Quadratic factors o/x'‘ + l = 0. 
Hero 


IT + 2r7r . TT + 2; TT 

cos 4 I sin — 

n , n 



make up 27r; OR bisects Po^-Pn-i* Also ROP^ and ROP^,.^ 
are equi-cosinal, while sin POPy^r: - sin the same relation 

holds good for ahy two angles equi-distant from OR, 


("■ 


w'4-2rx . ir + 2nr 

cos X sin 


-2nr\ 
« )’ 


and ^a;- 


7r4-2r7r . . '7r4-2r7r\ 

cos — + 1 sin - 

n 


F2r7r \ 

IT" ;• 


are factors of a;^ 4 - 1. 

Therefore their product viz. - 2x cos + 1^ 

is the form of the general quadratic factor of + 1. 

When n is even and = 2m there are m such factors. 

When n is odd and =2m+l there are m such factors; the 
remaining factor is x + 1, as is clear from the figure. 
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EXAMPLES. IX. 

(1) Fmd the roots of the equation 0, and wiite down the 

quadratic factois of 1. 

(2) Write down tho quadratic factors of + 1. 

(3) Write down the general quadratic factor of + 1=0. 

(4) Find all tho values of - i. (5) Find the factors of a:^^+ 1. 

(0) g^ind a general expression for all the values of ~ 1 

‘MISCELLANEOUS EXAMPLES. X. 

(1) Prove that 

sin (ttj + ag + ttj n terms) = 5 - etc 

where ^ stands for the sum of the products of the sines taken r 

together each multiplied by the product of the remaining n - r cosines. 

(2) With the notation of Ex. 1, prove that 

cos (a^ + ftg + 71 terms) = + ^n-4‘‘*’4 “ 

(3) Write down the expansion of 

sin (a + + 7 + 5 + c) and of cos (a + /3 + 7 + 5 + e) 

(4) Prove that in the scries of expressions formed by giving to r in 

fcos tsin^^'^^^') the values 0, 1, 2, 3 (g-1) in succes- 

V (/ <1 J 

sion, the product of any two equidistant fiom the beginning and 
the end is constant. 

15 

(5) One value of (^^3 + a/ -* 1) ‘Ms -27(Ay-l+l). 

(6) From the identity 

(x -h) (x -c) (x-c){x-a) {x-a){x-h)_ 

[a - 0) (a - c) (6 - c) ((» - a) (c - a) (c - i<) ’ 

deduce by assuming a: = cos 2^ + i sin 2^, and corresponding assump- 

X- # I j . sin (^-d) sin (^-7) . ^ 

tions for a, b and c that — ^'r j sin 2 (^ - a) + two similar 

sm(a-/3)8iu(a-7) ' ^ 

expressions =0. 

(7) Prove that tlio n ?itli roots of unity form a series in o.p. 



CHAPTER Ur 


llESUi/rs OF ]>E Moivkk’s Tjikohkm. 


18. We proceed to deduce some important resul|^s from 
Do Moivre\s Theorem. 

We shall generally in this chajitor write i for J- 1. 


19. By Art. 12, when n is an integer we have 
cos oiO + i sin nO - (cos 0 + i sin Oy. 


Expand the right-hand side of this identity by the 
binomial theorem, remembering that =^2 - 1 and that 
= -f- 1. Ecpiate the real part of the result to cos 7i0. This 
gives us 


/I »A n(7i~l) 
cos 7i0 - cos 0 ^ - cos 0 . sill" 6 


+ 


' -V /V ' rin«” mu'* 


Li 


cos” sin^^ — etc. 


Equate the imaginary part to i sin 7i0, This gives us 


sin nO ~ 71 cos” ' 0 . sin 0 — 


^ (?i~ 1 ) — 2) 


Li 


- cos" siif'^^ 


7,(7i-l)(7i-2){n~3){n-i) ^ 

- -- .r - - -cos ^.smd-etc. 


20. Jn the above w is a positive integer, and the last 
terms in the series for co^iiO and for sin?i^ will be different 
according as n is even or odd. 



EXPANSION OF mnn0 AND OF co&nO. AO 

The last term in the expansion of {cos 0 + tsin is 
sin” 0, which is real when n is even and imaginary when 
n is odd. The last term but one is n cos0 sin"“' d, which 
is real when n is odd and initagiruary when n is even. 

Thus the last term in the expanMoii of sin nO is 

sin**^ or ( - l)i(”"*>8in”^ when n is odd^ 
and 71 COB 0 sin*‘“i ^ or ( - ii cos 0 sin’'^' 0 when ii is even. 


EXAMPLES. XI. 

Piove the following statements: 

(1) sin 40 — 4 cos* 0 . sin 0 - 4 cos 0 . sin* 0. 

(2) cos 40 = cos^ 0 - G cos* 0 . sin* 0 4 - sin^ 0. 

(3) cos 60 — cos^0 -- 15 cos‘*0 sin*0 + 15 cos^^ sin‘*0 - sin^'0. 

(4) sin 90 - 9 cos®0 sin 0-84 cos‘’0 sin*0 + 126 cos‘*0 8in®0 

- 36 cos*0 sin^0 -h 8111 *^ 0 . 

(5) The last term in the expansion of cos 100 is - sin’® 0. 

(6) The last term in the expan.sion of sin 120 is 

- 12 cos 0 . sin” 0. 

(7) When 11 is even the last term in the expansion of cos w0 k 

(- 1)” 8m"0. 

(8) When n is odd the last term in the expansion of cos 716 is 
-i 


(9) tan 710 = 


( - 1) n cos 0 . sin”~’ 0. 

lg 

71 (71 - 1) (a - 2y (a - 3) 


, n (a - 1) ^ 

1- '.A— ^tan*0 + 




tan^0 


(10) cot 710 = 


_ 111 - 1 ) 

y . 


ncoP*~’0 


71 { 71 - 1) (h — 2) 

(3 


COt *‘--*0 + . . 
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Exponential Values of Sine and Cosine. 

21. By Be Moivre’s Theorem, wlieii 'n is any commen- 
surable numl)(‘r, and x any angle, 

(cos 7ix + i sin nx) is a value of (cos x Y i sin x)'\ 

For X ^ut the unit of angular measurement; then 
(cos sin is a value of (cos 1 + i sin 1)". 

Let k stand for (cos 1 p i sin 1 ), then 

(cos n + i sin 7i) is a value of k", 
where k is independent of 

Whatever other values (cos 1 4- i sin 1)" may liave, in 
what follows we shall only use the value (cos 7i + i sin 7i). 


22. This important result is a symbolical statement of 
the fact that expressions of the form cos n + i sin n are 
combined by the laws of indices. 


23. Let the unit of angle be a radian 
Then since cos ^ 4- ^ sin 0 - k^^ 
and consecpiently cos 0 ~i sin 0 k 
whore k is independent of 
2i sin 0 — // — 

(loggA;)^ 4- etc. 


^ log. A; 4- 




[E. 59.] 
[Art. 21.] 


[Art. 3.] 


Hence 


i i + etc. 


= log^A;4-^L /f; 

wliere li is finite for all values of 0 (since sin^ is always less 
than Oy and .*. loggA; is finite) 
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Let 6 he infinitely diminished. Then, since 6 is the 
circular measure of the angle, the limit of ^ is 1 . [E. 290.] 

Also tlie limit of the ri^ht-hand side is 


Hence 




Therefore, when 0 is the circular measure of tlie angle, 
cos^ + ^— 1 sin^==^^“^^* 

24. Since cos 0 + i sin 0 ^ and cos ^ — i sin 0 = e“ , 

. *. 2 cos ^ + 6^ " and 2i sin 0 = 

Hence — and — - 

2 2i 

are exponential values of the cosine and sine respectively, 
when the angle is expressed in circular measure. 

These results may he applied to prove any general 
formula in Elementary Trigonometry. 


„ , T» 2a 

Example. Prove t ^ -— — tana 

1 4- cos 2a 


We have 


2 + 2 cos 2a' 2 + #'^'® + 




2 COB a 


= itana. q.e.d. 


EXAMPLES. XIL 

Use the exponential values of tlie sine and cosine to prove the fol- 
lowing: (1) cos® a + sin^ a = 1. (2) cos 2a == cos® a - sin® a. 

(3) sin 0 = - sin (r- ^). (4) cos^ = cos ( - d). 

(5) cos (a + /3) . cos (a - /3) = cos- a - sin® p = cos® p - sin® a. 

(fi) cos3d = 4cos®d-3 cosd. (7) sin 30 = 3sin ^-4sin®^. 

(8) 2 cos na . cos a = cos (a + 1) a + cos (n - 1) a. 

(9) 2 sin na ( - 1) 2® sin® a = 2 sin (n + 2) a - 4 sin na + 2 sin (?t - 2) a. 

(10) 2 cos 7ia (-1)2® sin® a — 2 cos (a + 2) a - 4 cos na + 2 cos (n - 2) a. 



28 


TRIGONOMETRY. 


25. The results 

2 cos^ = e*^ -f 2iiiin0 

may be used to simplify expressions containing J -1. 

0 

Example 1. Reduce cos (a + i/3) to the foi in A + iB. 

2 co 8 (a + ^/3) = e^“■^ + e-»"^^=e“^e*%/. 

— e~^ (cosa + t sin a) + e^ (cosa - i sin a) • 

= coaa(c^ + ^~^) -tsin a ^). 

This is in the required form. 

Example 2. Express log (a + ib) in the foim A + iB. 

Let a + ib — r (cos a + i sin a). 

Then (Art. IG), r® = a® + &*, tan a = -^ . 

Thus, log (a 4- ib) = log {r (cos a + i sm a)} 

= logr + log 
= log r + ia 

~ J log (a® + &*) + i tan~^ t . 

This is in the required form. 

Example 3. Rhluce (a + ib)“^‘^ to the form A -f iB. 

Let a + i 6 = r (cos 7 + i sin 7 ). 

Then 4- b^^ tan 7 = ^ • 

And (a 

=:r“ . 

=r". [For r = 

— r“ ^"‘^‘^{cos (/ 3 logr 4 -a 7 ) 4 -isin (/ 3 logr 4 -a 7 )}. 
This is in the required form. 
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EXAMPLES. XIII. 

Prove the following statements: 

(1) cos (a+ »/8) + i sin (a = ^ (cos a+ t sin a). 

(2) 2 sin (a + i(i)~{e^ A e~^) sin a 4 - 1 (e^ - e''^) cos a. 

(B) cos (a 4- i/3) - 1 sin (a 4- i/3) — (cos a - i sin a) . 

(4) 4 cos (a 4- 1/3) . cos (a - ?/3) = ^ + 2 cos 2a. 

(5) 4 sin {a + ifi) . cos (a - //3) =2 sin 2a 4 - 1 

2 (e^ + e~^) cos a + 2i - e~^) sin a 


( 6 ) sec (a 4 - «/3) — 


(7) tan (a 4 - 1/3) — 


4 - 2 cos 2 a 4 ~ 
2 sin 2 a -f i (f - e 
4- 2 cos 2 a 4 - 


( 8 ) 

(9) Express in the form A 4- iJL 

(10) Express (a 4 - 16 )^ in the form A 4- iii. 

(11) log = 2i tan~i - . 

' a - lb a 

1 Mn(x-hiy) ^ iiy-e~y 

(12) log — 7 = 2t tan~i Jcot x - - 

' ' ^sin(a;-ty) ( ey^^e-y 


r 


tana; 


ey-e-y 


ey^e-y 

(ft^ Jlog 4 sin^ {x 4 - iy) 

=log (e^y - 2 cos 2x 4 - e~^y) 4 - 2 t tan~^ | cot x 
(15) log 4 cos^ (a 4 - i/3) 

. - 20 . o .L 1 U_.. 


ey-e~y 

ey+e-y 


ijtana^l^l. 

i / + 


= log {e ^ + 2 cos 2 tt + e tan 

(16) ^^{cos (sin 45® log a) 4 - i sin (sin 46® log a) } . 

(17) Express in the form A 4 - tP. 

(18) Express (a 4 - i 6 4 - c*)® ^ in the form A 4 - tP. 
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26. Since 

lO' 

cos 0 i sin 0 ~ \ + iO — - , .y + . i + «tc., 

if 

we obtain by equating the real and imaginary i^arts 
. , ( 9 ^ ' 6 >^ , 

cose=l-^ + ^-j^4.etc., 

sill 0 ^ 0 - .q+T 7 ^~ etc. 

Those results are very important. 

In the next chapter will be found a proof independent oi J -1 
and a collection of examples. 


IS A Periodic Function. 

27. cos 0 and sin 6^ and therefore also cos 0 Y i sin 0^ 
repeat their values every time 0 is increased by 27r. There- 
fore also repeats its values every time 0 is increased by 27r. 

Also, as 0 passes from 0 to 27r no two values of 
cos 0 + i sin 0 are the same. 

When a function of 0 repeats every possible value in 
exactly the same order each time 0 is increased by a certain 
value X, it is said to be periodic, and X is called its period. 

If we are given a particular value of such a function 
of Oj we can find an uidimited number of values for 6 (each 
of the form a + n\, where 7t is a whole number,) for«eji^.a of 
which this function will have that given value. 

Also, in the particular case we are considering, as 0 
changes from 0 to 27r, none of the values of are repeated. 
In other words, there are no two values of 0 in the same 
•period for which e^^ has equal values. 

Example,, Given that tan 0=;a, and that a is one angle whose 
tangent is a, then we know that 0—a-rmr, where n is a whole number. 

Hence tan ^ is a periodic function of 0 whose period is t. ' 
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28. Hence, if we know that 0 and a differ by 

some multiple of 27r, i. e. that 0 -=^ a 2n7r, where n is a whole 
number, and the value of oi cannot be decided without some 
further datum. 

Example, Since 2t sin 0 — e^^~ e and bin tt -= 0, 
therefore ~ - 0 or = 6' ’ 

This m^ns that tt and - tt are two values of 0 for which the pci iodic 

function has the same value. And since the period is 27r, tt and 
~ TT should differ by 2n7r. In this case n is cleaily 1. 

29. The same tiling may be stated thus : 
since cos a + i sin a - cos (a -f ^rir) + i sin (a -f 2r7r), 

. 6*^- ^ ^2irn 

Therefore -- 1 (as is also evident since 
cos 2r7r + i sin 2r7r - 1). 

Hence unity has one real logarithm, viz. 0, and also 
an unlimited number of symbolical logarithms each oipial to 
2ir7r, where r is some integer. 

30. Again, a = axl^ax 

Hence every real positive quantity a has one real 
logarithm, and also an unlimited number of ssrmbolical 
logaribl/ms, which differ by 2ir7r, where r is an integer. 

These symbolical logarithms do not interfere in any way with 
the theory of arithmetical logs explained in Chapter I. 

Example, Prove that the equation sin 0 — 0 has no symholical loots. 
Suppose that sin (a+s/-ip)—0 then 

2ia - 2)9=2ir7r; .*. /8=0; which proves the proposition. 
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EXAMPLES. XIV. 

(1) Point out the fallacy in the following . 

Since 2/ Kin 37r = - c, and sin IItt — 0 , 

therefoie — \ that is, therefore Ctt ^0. 

(2) Expose the fallacy in tlu‘ following : 

Let a be any angle, then since 

cos (a - tt) + 1 sm cos (a I tt) + t sin (a { tt) , 

therefoie 

hence a-Tr — aYir; that is, tt — O. 

(3) Piove that the equation cos <? = 0 has no s^'inbolical loots. 


EXPANSION OF TAN 'o; IN TERMS OF X 

3 1 . Since 2 cos a + e~ 

and 2^ sin a — 

- _ . 2isina 

therefore i tan a . Art. 24. 

2 cos a 

\ + i tan a 2e*® 

^ — g2?a . 

' ’ 1 - itaiitt 2e-«« ^ 

.*. loc — . — - logc^*“ — 2ttt + 2i7i7r. [Art. 28.1 

Hence expanding the left-hand side by Art. 5, we have 
2ia + 2m7r ~ 2 {i tan a + (i tan a)’* + J (i tan a)® + etc.} 
or a + riTT - tan a — ^ tan* a + i tan® a - etc. 
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This series is convergent if tan a is equal to or less than 
unity. It is therefore arithmetically intelligible and true 

provided a lies between - ~ and ~ , or between ^ and , 

4 4 4 4 



and so on \i.e. provided OP stops within the right angle 
QfiQx within tlie rigid angle in the figure] 

32. AVheu a lies between — Jtt and ^tt, the value of n 
is 0 For n is an integer (or zero), while the value of tt is 
known to be greater than 3 [E. 37], and as a varies from 
— Jtt to ^TT the numerical \alue of the series 

tan a - (J tan^ » ~ i tan'^a) — (1 tarJa — tail' a) - . . . 
is always less than tana, and therefore less than 1. 

ll(‘nc(‘, when a lies between — \w and ]^7r, we hav(' 
tan a — (3 tan"* a - tan‘’a) — tan' a ~ J tan" a) — . . . 
TKTs .osult is called Gregory’s Series. 

Similarly we can prove that Avlum a lies between ^tt 
and {’tt, a — tt — tan a — J taiF a + ^ tan'' a 

and so on. 

33. In this result put a — ^ , and we obtain 

J=l--i + i- j+ 


L. 11. T. 


3 
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TRIGONOMETTLY. 


34. The series 1 - J -f -J — I + etc. is very slowly con- 
vergent; we shall therefore show how series which are more 
rapidly convergent may be obtained from Gregory’s Series. 

35. Euler’s Series. 

Since tan~‘ \ + tan“^ J = tan" ^ i ~ ^ I * 

1-^.3 4 

Let a = tan“^ or tan a = 
and a = tan a — tan^a + J tan^a - etc 



Let yS-tan ' then 

P = [Art. ai.] 

and ^TT - - a + y8 = the sum of tli(‘se two scries 

36. Machin’s Series. 

Since 2 tan~’ = tan~^ — and 2 tan"’ /W == tan"’ ] - ” , 

.'. 4 tan"’ I - tan"’ v]r,- - l^r. 

TTencp !!! = 4 / 3 _ 1 A + A ^ - etc ^ 

xreiice 4 ^(^ '^*5* ® *5'^ 

Note. It may be shewn that 

tan"’ ^ J y -= tan"’ - tan"’ yL^ 

so that J ~ ^ tan"’ } - tan"’ + tan"’ ^^y . 

The labour of calculating the numerical value of the series for 
tan“3 tV and for tan“3 is less than that of calculating the numerical 
value of the series for tan~3 ^ . 
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Example. Fi'td Jie numerical value of 6 Jigvres by Machin’s 
series. We have 


fl 1/1 


ly ly 

^V4- 1 

^ 1 

( ^ V 

(5 3^5 

) +5 Vi 

3/ 7 Vi 

j 

239 3 ' 

V 239 / 


= 4 { -2 -•0026C6G...+ *000064 -‘OPOOOIS J -*0041811. 
= 4 {*1973956...}- -0041841 
= *7853983. 

Therefore tt = 4 x *7853983 = 3*14159.^ ^ 


EXAMPLES. XV. 


(2) Provo that 4 tan~^ 1 =:tan“i 
Hence prove that if = 4 tan"' 
then a; = tan"' ‘ 


(3) Provo that 


8 ■ 


111 , 


hence calculate the value of tt to 2 decimal places. 

(4) Calculate the value of tt to 3 decimal places by the aid of 
Euler’s series. 


(5) Calculate tho value of tt to 3 decimal places by the aid of 
Machin’s series. 

Prove that Itt = 2 tan"' ^ + tan"' ^ 

gOt 

(7) Defining tanh a as , 

prove that 

a — tanh a + ^ tanh® « + J tanh ** a + etc.. . . 


(8) Prove that when a lies between Jtt and Jtt 
a - 27r = tan a - ^ tan® a + tan® a 
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TRIGONOMETRY. 


Expansion of (2 cos 0 )’* and of (2 sin 0 )". 


cos 0 -{-i sin 0 = 


cos 6 ~i sin ^ ^ X 

K 


37. Let 

then cos ^ — r sin ^ ^ [Art. 12 ] 

and 2 cos 0~ xY x~ 2?* sin 0 -- x — x~^. 

[It should bo observed that in Iho equation 2 cos 0 = x-\ xi'^, cither 
X or 0 must be symbolical. For if 0 be real 2 cos 0 is less than 2. If r 

be leal a: + is numerically greater than 2. x of course stands for 
Also, — (cos O + i sin Oy — cos nO + i sin nO, [Art. 12.] 
- (cos 0 + i sin = cos nO - i sin 7i0. 

• . 2 cos 7t0 = x'" + .r“", and 2t sin 'ttO =- cr" - a;' ” 

Hence (2 cos B)" = (x y a;"‘)” 

„ «-> 7l(^l-l) 

ir 4- ')i . X 4- — X 4" etc. 4- otx ~ 4 X 

If 

- {x" 4- x-“) + n (a;'“" 4- 4- ^ 4- a;-'"--*’) 4- etc. 

= 2 cos 71$ 4- 7i . 2 cos (71 - 2) 0 ^ ^ (u — i) 0 + etc. 

Also (2i sin BY -- (x — x~^y. 

First let 71 bo even. Then the expansion of (x — x~^y is 

a;” 4 - x~” - w (a;”'"* 4 - x~^'‘~^^) 4 — ^ (a;”'** 4 - x~^''~*^) - etc. 

. • . (2i sin By = 2 cos - ?i2 cos ( 7 ^ - 2) ^ + -- iV^ ^ (7i-4)B 

~ etc. 

Next let 71 be odd. Then the expansion of (a; - .t"’)” i.s 


a;" - a? ” - n (a;”“*- a: 4- 






(*" 


— etc. 
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, *. (2{ sin Oy* - sin — n. 2i sin ( 71 , — 2)0 

f 2i sin (it — A) 0 — etc. 

Whence dividing by I and jjutting 1 we have 

n \ 

(— 1) ^ 2" sin”^ — 2 sin uO ~ 71 .2 sin (71 — 2) 0 A- etc. 

It j^iiist be noticed that when tlie last term is indepen- 
dent of the factor 2 is omitted. 


Note. When n is even the last term is independent of 0 for then 
the expansion of (a i-.c)" [winch has ri+l terms] has a middle term. 
Hence the last teim in either expansion is independent of 0 when n 
IS even and is 


n(n-l)(u-2) .fin + l) ln(n- 1) (/i-2) ... (Ja + l) 

\kn ' > 


When 71 is odd the last term in the expansion of cos” 0 is 
n{n-l) 4(n + 3)^ 

\ hin-l )' 

and the last term in the expansion of sin 0 is 


- 2 cos 0, 


4» - 1 


EXAMPLES. XVI. 

Prove that 

(1) 128 cos^ 0 - Cos 8d + 8 cos G0 4- 28 cos A0 + 50 cos 20 4- 35. 

(2) 04 cos^ 0 = cos 7^4-7 cos 5^ -t- 21 cos 3^ + 35 cos 0 . 

(3) - 64 sin^ 0 — sin 7^-7 sin 50 4- 21 sin 30 - 35 sin 0. 

(4) “ 512 sin^® 0 = cos 100 - 10 cos 80 4* 45 cos 60 - 120 cos 40 

4-21OCOS20-12O. 
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TRIGONOMETRY. 


Eesolution into Eaotoks of - 2 x ’' cos nO-hh 

t 

38. To resolve x^"— 2x”cosii^ + 1 into factors, when ii is 
a whole number. 

f 

Since a;*" - 2a3'* cos nO +\— (a?’* — cos nOy + 

= {(x*' - cos nO) + i sin nO] {(a;’* - cos nO) - 1 sin n6] 

= {a;'‘ - (cos nO — i sin 'nO)] {a?” — (cos nO + i sin nO)} 

~ {aj” — (cos 0 — i sin Oy) {x*' - (cos 0 + i sin 0y\, 

therefore x - (cos 6 — imi 6) and x - (cos 0 + i sin 0) are 
factors of aj®'* - 2a;" cos nd +1. 



Therefore also their product, i.e. a;^-2a;cos^+ 1, is a 
factor of of" - 2a;“ cos nO +\. 

And since cos nO is unaltered if for 6 we write 6 -f 

n 


it follows that a;® - 2a; cos 



+ 1 is also a factor. 
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In the above figure lot - 0, and let the whole 

circumference, starting from be divided into n equal 

arcs P^P^... J tliat, whatever be the integral 

2r7r 

value of r, the angle 0 H is represented by one of the 

angles POP^^ POP^, etc. 


Hence in general there are n different values and no 
ro*of cos 


[The exceptions are (i) when one of the points P,. coincides with R, 
(ii) when R bisects one of the arcs t e, (i) when n0 — 2nr, 

(ii) when nd = (2r + 1) tt, and in these cases a - 2.r"- cos nO + 1 leduces 

(i) to the form -- 1)'*^ or (ii) to the form + 1)^ » the factors of 
these forms have been discussed on pp. 20, 21.] 


And the n different values are found by giving to r 
the values 0, 1, 2 ... — 1) in succession. 

Hence the 'tt quadratic factors of — 2F' cos nO + 1 arc 
— 2x cos ^ + 1) — 2x cos (^0 4* + l| X 

X la;'* — 2a; cos ^0 + ^^ 27r^ ^ ^ ’ 


EXAMPLES. XVII. 

Solve the following equations : 

(1) - 2x* cos 60® + 1=0. 

(2) a;i®-2.r5cosl0® + l = 0. 

(3) x^‘^ - 2x^ cos lir + 1 = 0, 

(4) a;i® + V3.^® + l-0. 

(5) Write down the factors of - 2.t’^y’‘ cos a 4- 
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TlilGONOMETRY, 


* MISCELLANEOUS EXAMPLES. XVIII. 

(1) Prove that if cos 0 and sin 0 bo defined by the equations 

2cos^ = rt +a , 2isin^ = a -a* , then sin ^ and cos satisfy the 
fundamental conditions 

cos2d + sin2^ = 1, cos d = cos ( - d), sin d = - sin ( - d). 

(2) Prove that if a degree is the unit of angular meastremcnt 
2 cos a; = /c* + A,"* where 

(3) Assuming De Moivre’s theorem, prove that 

i sin - (1 - cos , , x 

- (logA:)- + etc, 


where k = cos + i sin 1® = 

(4) Prove that if two right angles bo taken as the unit of angle, 


inx , -irrx-. 


(5) Assuming that = l where r is an integer, prove that 

id 

e is a periodic function of d. 

tQ 

(6) Assuming that e is a periodic function of d, and that the 

period is 27r, prove that = l where r is an integer. 

(7) Prove that (ih + cf' = (cos ad + i sin ad) where 

« - ^ b + sinlogc 

r^ = l + 62 + 2d sinlogc, tan d= ~ . 

cos log c 

(8) If log (1 + cos 2d + 1 sin 26) — A + iB, then 

A — log 2 + log (cos d) . 

(9) Prove that 

€*-2 cosd + €~* = 4 8in4(d + fa;) sin ^ (d- ix). 

(10) If cos- ^ {a + ip) = A-¥ iBy prove that 


c 08 ‘-*A sinM 




[e 




i. 
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(11) Prove that log^ ( - 1) ==1 (2/i + l)7r. 

(12) Prove that 

y 

log (^ + ??/) = 4 + y") + ^ tan ^ . 

Hence prove that 

^ , xsmd ^ ^ 

taii-i - ~x bin 0 ~ ^ Sill 20 + -- siii 30 - 

l+.-ccoBt^ 2 3 

(13) f </> (a) is such a function of a that 

0(a) x0(/3) = 0(a + ^) 

for all values of a and /3, prove that (p{a) = {0(l)j“^ for all rational 
values of a. Show that cos a f - 1 sm a is a form of 0 (a) which satisfies 
the preceding equation, and deduce Do Moivre’s theoiem. 

(14) Prove that 

tan-i (cosa + i sin a) = (?i + l) tt + i log tan (iir + Ja). 

(15) Prove that 

^ = 4 tan-i i - tan-i -i- tan~ W> 

and apply the result to find the value of tt to 5 places of decimals. 

(16) Find the number of radians in the least angle whose tangent 
is i'q ; also the numbei of degrees in the least angle whose tangent is 
10 . 

(17) Prove that the general value of is 

cos (1 + 2rir) 0 + i sin (1 + 2 / tt) 
where r is an integer. 

(18) Defining cosd as the ictil part and isiii^ as the imaginary 
part of prove 

cos ^ = cos ( - ^) , sin d = - sin ( - ^), sin (^ -f 0) = sin ^ cos 0 + cos Oh ii<p, 

(19) If the functions 0 and 0 are defined by the equations 
0 (T + ?/) = 0( r) 0(2/) - 0(.r) 0(2/), 

0 ( c -f 2/) = 0(0;) 0(2/) + 0(y) 0(x), 

{ 0(.r)2 4 0(a;)3 (*=={0(2/)^ + 0(2/)^} y . 


prove that 



CHAPTER IV 


Proofs avithout the use of ^-1 


39. Ill this Chapter we shall give proofs of most of 
the preceding results by methods which do not involve the 
use of J— 1. 

The student must not on this account suppose that the 
validity of results obtained by the aid of ^—1 is doubtful. 
We shall make some remarks on this point later on. 


40. To prove, when n is a positive integer, 

„ n{n-\) „_2 . , 

cos na = cos a ^ * sin a 

n (n — 1) (n — 2)(n — 3) 


+ 


1 .2.3.4 


cos” ‘‘a. Slip a- etc., 


and 

. n(n-l) ( 71 - 2) . 3 

sin 7 ia — n cos a . sin a — - — ~ ^ cos a . sin a 

1 . J . o 

n{ 7 i~\) {71 — 2 ) (71 - 3) (n - 4) „ 

X 'cos' V. sin 'a -etc. 

1 . 2 . 3 . 4 . 5 
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These foFinulse may be proved by induction, thus : 
Assuming that the above statements are true for a certain 
value of Tiy we can prove that they must also be true when 
n-^\ is written for 71. 


Since cos (n-\- \)a^- cos 7ia . cos a - sin na . sin a [E. 1 54] ; 
in this, substitute for cos 7 ia and sin 71a those values given 
above^and we obtain 


/ ,. 4-1 (n(n—\) 1 „ 

> (n 4 - 1) a cos a ~ | — ^ n\ cos a . sura 


u {71— 1) [it — 2) (71 — 3) 


jit {7t- 

I 1.2.3. 


- I — ^ 'I cos a . sin a - etc. 


Tlio coefficient of cos” ’'a . sii/'^'a is 


(-!)■ 


y j7t { 71 - 1) .{7t — r+ l)(ri — r) ^ 71 ( 71 - 1) ..,(rt-r 1) 


jr + 1 


4-1) | - .7^1 j- 


+ 1 ') 

Therefore cos (7t + 1 ) a = cos’‘^‘a - cos"~*a . sin^a 


(it -f- li) 7t (7t — 1) (7t — 2) 

T72T3T4 


cos”'‘'*asinV - etc. 


A similar result will hold good for sin (71 + 1 ) u 

Thus, if the formulae are true when n is any whole 
number, they are true when 7i + 1 is substituted for 71; 

But they are true when n = l and when 7^ = 2 ; 

Therefore they are true when ti is any whole number. 
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TRIGONOMETRY. 


02 04 QR 

41. To inovG cos — p-i- p - — + etc., 

/ • ^ ^ . 
myl sin ^ ^ + etc. 

li 15 il 

In the formula 

„ n { n -\) „_2 . 

cos Ola - cos tt cos a . sin a 

7i(n — l)(?fc — 2) (?i— 3) . . 

+ — =-^^r — -r-^ cos a . sin^a + etc. 

1 . 2 . 3 . 4 

write 0 for 7ia, and let oi be increased without limit while 0 

0 

remains unchanged. Then since a - — , a must be diminished 

without limit. We may write the above in the following 
form, 

/ OV 6($-a)/ (9y- /sinaV 

COS0=(^COS-J — (^cosj 

^e{0-a)(e- 2a) {0 - 3a) / ^ /sin aV 


1.2.3. 4 


rr) 


When 71 is infinitely increased, the limit of ^cos is 1 , 


since r is not greater than n’, 


[Art. 9.] 


the limit of 


>(6>-a) (g-2«)...(6>-r-la) 0 ' 


and the limit of 


is 1, since 7* is not greater than n. 


[Art. 10.] 

Therefore, by proceeding to the limit, we obtain 

. , . 
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Similarly, the expansion for sin?za may be written 
/sin a 


sin 0 - 




l>y ])rocoo(liug to the limit, we obtain as bofoK' 

sin B - 0 - ot(; 

1^ 

a.** cij 

42 In the losnlt sin a - a - — + + etc. the scries 

i? \l 

is convei'gcnt for all values of a. 


[For the ratio of any term to the preceding is , , • and what- 

n(a + l) 

ever he the value of a, by taking n large enough this fraction can be 
made less than some quantity which is itself less than unity.] 


In the jiroof of Art. 41 no limit was ])ut upon the value 
of the angle. Therefore the result is arithmetically intelli- 
gible and true for all values of a. 

a' a" 

Therefore the series which is equal 

to sin a for all values of a, must be periodic. [Art. 27.] 

43. A series in ascending powers of a quantity (a) is 
chiefly useful when a is small, for the smaller the quantity a, 
the greater is the relative importance of the earlier terms of 
the {>eries. Also, the sine (and the cosine) of an angle of 
any magnitude may be expressed in terms of the sine or 
cosine of some angle less than Jtt. 

Hence, the above series are never used in numerical 
calculations except for values of a less than \-n. 
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TniGONOMETRY. 


44. We have 


= (“ - ij) + (J “111)-' 


Each of the above brackets is positive (provided a" is not 
greater than 6 and therefore, a fortiori^ if a is loss than 1). 
Therefore sin a is less than a and greater than a - J a\ 

Again 

(sin a - a) is negative and = - Ja’ + (a positive quantity), 
sin a — (a - Ja'’) is positive and = (f^ positive quantity). 

Therefore the difference between a and sin a is less than 
l-a; the diflference between sin a and a-^a^is less than 


Example. If a =1^5 (of a radian), the difference between a and 
sin a is less than | . 10"^, i.e. less than a six-hundredth part of a. 
The difference between sin a and a - ^ a'* is less than 1^17 x lO"*''' which 
is less than a millionth part of a. 


45. The following results may be proved in a similar 
manner. 

The difference between 1 and cos a is h‘ss than la\ 
cos a and (1 - ia“) * 

met 

Example. Fmd the limiting value of Y ' cos ^ infinitely 

diminished. 

For sin ma, write ma - RiO^ ; for cos wa, write 1 - -f- We 

know that is less than and that R,^ is less than Then 

sin-ma __ (ma - R^a^)^ _ - RiO.^)^ ^ 

1 - cos iia ” in^ - 1^2®^ * 

hence, when a is infinitely diminished the required limit is . 
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EXAMPLES. XIX. 


(1) Prove tliat when a is not large, the difference between 
(a - a"* + I and sm a is less tluwi 

(2) Prove that when a is not large, the difference between 

(1 - i a2+ cos a is less than 

Igo 

(3) ^*rovG that sm — =‘099833.... 

TT 

(4) Prove that the value of sm 1^ coincides with that of the 
circular measure of at least as far as five jdaces of decimals. 


(.5) Solve the equation sin (|:7r + d) — -71, neglecting and higher 
powers of 0. 

(G) (liven that sm l' = 0002909, calculate approximately the value 

of TT. 

/rrv sm ^ 1013 ^ , 

(7) Given ^ “1014’ 0=4®2r ncail;> . 

/ox 1 1 p sin^/id - sin^w^ v o /x 

(8) Find the value of — r- when ^-0 


1 - cosp^ 


(9) Evaluate 


(1 - cos m0) (1 - cos nO) 

0 

sin 0 e -e 


0 20 


when 0 — 0. 

.0 

2[ when 0 is infinite- 


(10) Find the limit of 
ly diminished. 

{il) Prove that (eight times the chord of half a small circular 
arc minus the chord of the whole arc) divided by three, is equal to the 
length of the arc, nearly. 

(12) Prove by induction 


tan n0 = 


n tan 0 - tan^ O + . 

... 

1 . A 


/jS }i3 

(13) sin (0 + /i) = sin ^ 4- h cos ^ — sin ^ “ cos 0 + etc. 
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TRIGONOMETRY. 


The Hyperbolic Functions. 

46. The following notation will be found convenient. 

Def. cosh ^ stands for and sinh ^ h)r - — . 

cosh.x* and sinhr« are abbreviations respectively for the 
words hyperbolic cosine of x and hyperbolic sine of 

Wo shall use tliis notation co^lr.r for (cosh etc. 


EXAMPLES. XX. 

Prove the following statements* [Compare Examples XII ] 

( 1 ) cosh“.r - sinh-a; = 1 . 

(2) cosh 2 j; =s cosh-x + sinli-u. — 2 cosh-x -1-1 + 2 sinli-pr. 

(.S) cosh 3a; = 4 cosh^x ~ 3 cosh a: (1) coshx = cosh(- r). 

(5) sinh 3a; = 3 sinh .r + 4 sinh'^a. (6) smh .r - - sinh ( - t). 

(7) cosh (a; + y) . cosh {x-y)~ cosh-o; + sinh^y 

s^cosh-^y + sinh-o*. 

(8) 2 cosh nx . cosh x = cosh (a + 1) a; + cosh [n - 1) a; 

(9) 2 smh nx . 2^sinh^a; *= 2 sinh (a + 2) a; - 4 sinh nx 

+ 2 sinh (?i - 2) X. 

(10) 2 cosh nx . 22sinh“a; = 2 cosh (« + 2) .r - 4 cosh nx 

+ 2 cosh (a - 2) x. 

(11) cosh wo; - cos Jia = 2 cosh (ai- 1) x {cosh a; - cos a} 

+ 2 cos a {cosh (n - 1) a; - cos (a - 1) a} - {cosh {n-2) x - cos (a - 2) a} . 

(12) cosh 205 - cos 20 = 2 (sin20 cosh^jc + COB^^ sinh^a;). 

(13) cosh y cosh z sinh (y-z) + cosh z cosh x sinh (z - x) 

+ cosh 05 cosh y sinh (a: - y) + sinh (y - z) sinh (z - x) smh {x - y ) = 0. 

(14) cosh 3a; + cosh 5x + cosh 7x + cosh 15x 

= 4 cosh 4o; cosh 5x cosh 6x. 
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c 

47. Similarly, ^ ^ is called the hyperbolic tangent 

6 "f* 6 

of .T, and is wiitten tanhoJ, and so on for other hyperbolic 

functions corresponding to tlie other circular functions. 

•• 

48. Since 

bin X — (e^'‘ — a *) and cos ^ — i {F* + 

therefoi e 

sin ix ~ ~ i f 

— t sinh X, 

and cos 7x* - i {e~‘ {- c*) 

= cosh X. 

*49. It should bo noticed that when a comjilete inter- 
pretation has been given to the symbol i, it may be possible 
to interpret the symbols sin ix and e**, and then it will be 
seen how it is that sin ix and i sinh x indicate the same 
thing. For the present it is sufficient to notice that one 
result of these equalities is that the expressions i sinh x and 
cosh X are combined by the same laws as those by which 
sin ix and cos ix are combined. 

And therefore it follows from Art. 48 that corresponding 
to any theorem, involving cos 0 and sin Oj which is true 
for all values of 0, there is a theorem involving cosh x and 
i sinh X in precisely the same form. 

Example u 8iiice cos = 
therefore cosh 2x = cosh- a; -f sinh- x. 

Example ii. Since sin 3^ = 3 sin - 4 sin^ 
therefore i sinh ‘3x = St sinh a; - 1 sinh*^ x , 

or binh 3x = 3 sinh a; + 4 sinh^ x. 

L. n, T. 
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Example in. Prove that 

e^ + e~^ . 

sin (a 4- i^) = — g— sin a + ^ ^ — cos a 

sin (a + i/3) = sin a cos ip + cos a sin ip 

= sin a ccsli /3 + i cos a sinli p. g. e. n. 


Example iv. 

Prove that \f 


x-\-iy = K cos (0 - irj), 

then 

cosli^ 77 sinh- 77 ’ 

and 

2/' „ , 

cos2 0 sm'-^ 0 

Since 

.7 ■\-iy — K cos 0 cos 17) -\-K sill 0 bin 17} 


= K cos 0 cosh 77 4- iV sin 0 sinh 

equating the leal and imaginary parts 

we have 

x = K cos 0 cosh 77 , y-K sin 0 binh 77, 

or 

~ — cosh 77, - sinh 77, 

K cos 0 K bin 0 

wheiefoie 

- ^ 2 . - — = cobh^ 77 - sinh- 77 ^ 

CO'^^0 K‘SI\P0 

Similaily 

=cos^, — — ^ =bm^, 

K cosh 77 K sinh 77 


wherefore — — — I — ^ - = cos^ ^ 4 sin^ ^ 1 


It will be seen by those acquainted with plane cooidinate Geometry 
that for given values of 0 and 77 these equations lepresent a conf^ cal 
ellipse and hypeibola^ such that scch rj is the ecccntiicity of the ellipse 
and sec 0 the eccentricity of the hyperbola. 

*50. The Geometrical interpretation of the hyperbolic 


functions is as follows : 

Draw the rectangular hyperbola 

(1), 

its conjugate . (ii), 

and the inscribed circle if ~d^ (iii). 
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In the Figure, AIlH is a quadrant of the circle (m); A I* 
an arc of tlie equilateral hyperbola (i) of which OA and OJJ 
are the semi-axes. 

Then if x, y are the coordinates of a point P on (i) we may 


put 

X ~ OM - a cosh u, 


y~ MR a sinh u, 

since 

(d cosh* u - a~ sinh* — a*. 


Fioni M draw MR to touch the circle (iii) and let 0 be the 
circular measuie of MOR^ then 

x — a sec 0 — a cosh 
y — a tan 0 = a sinh ic. 

The sectorial area AOR~\<.cO ^ and it can be proved [see 
Gr-eenhiirs Differential and Inteyral Calculus, Art. 5G] that 
the sectorial area OAR ~ \a^u, 

*51. On the following i>ages we give tables of the value 
of each circular and hyperbolic function direct and inver.se 
each in terms of the others. 

The student is recommended to verify these tables for 
himself and also to deduce [by Art. 49] the liyperbolic 
tables from the circular and conversely. 


4—2 



TABLE I.— GIVING ANY DIRECT CIRCULAR FUNCTION IN TERMS OF ANY' OTHER. 
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GinCULAR FVNCTIONS, 




TABLE II.— GIVING ANY DIEECT HYPEEBOLIC FUNCTION IN TEEMS OF ANY OTHEE. 


IIYPEnnOLIC FUNCTIONS. 
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TABLE III.— GIVING ANY INVEESE CIECULAE FUNCTION IN TEEMS OF ANY OTHEE. 
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INVERSE CIRCULAR FUNCTIONS, 





TABLE IV.— GIVKG A>''f INVERSE HYPERBOLIC FUNCTION IN TERMS OF ANY OTHER. 


. INVERSE HYPERBOLIC FUNCTIONS. 
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TBIGONOMETBY. 


* Example i Prove that tanh“'a; = sinh“ 




Here, tanh“^3: stands for the' number whose hyperbolic tangent 
is X. 


Let «'f = tanh~^r ; then tanb a — x- 


f,a a 


also, 


or, 


or. 


or, 








sinli a 


tanh a 

\/{ 1 - tanh2«} ’ 
tanh a 


n = sinh“* - 


;^/{ 1 - tanh“V/| ’ 


lanh“Lr = sinh * 


7(1 * 


Q.E D. 


Example ii. Sum the senes 

1 + x cosh 9 + x“ cosh 20 f . + x^^~ ^ cosh {n - 1) 0. 

Let C be tlie sum of the series, and let 

*Sf = a:sinh 0 + a"-sinh 20+ +a:”~^ sinh (n - 1)0, 

then C -h S = 1 + xe^ + x^e^^ + . -hx^ 


also 


C-S'-l + xe ^ + A +3-”"'^ 


^ n n9 ^ n -nO 

Hence C + S- . , C-S= , 


1- xe 


1 - are 


2C = 


o,w+l,(w-l)0, - (n-l)0, ( +^ . n f n9 , -nO, 

2 + x {e' ^ +e ' ^ }-x\e +e ]-x {e +e 

1 - a; (e^ + e ^) + x^ 

^ _ 1 + x^^^ cosh (71 - 1) 0 - a: cosh 0 - ar^cosh nO 
* ‘ ” 1 - 2a; cosh 0 + x'^ 

[Compare Ex. 1, p. 82.] 
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^EXAMPLES. XXI. 

Prove the following statements : 

, ^ ^ , tanhaj+tanhy 

( 1 ) + = 

( 2 ) sinh^i X = cosh" V(1 + = tanh"^ “TTi^. 

X ~{~ y 

(3) tanh-^a; + tanh-^ ?/ = tanh-^_ 

' ' ^ 1 + rt/ 

(4) sinh"^r-log {;^(1 +a;2) + .T}. 

(5) cosh~ij: = log {/y/(.r-- 1)4-^:}. 

(G) tanh"' r = J {log ( 1 + x) - log (1 - a:)} . 


(7) 

(«) 


tanh**^ X - sin- a cot- a sinh- x-1 sin- a 
tanh - x - sin - ^ cot-^ sinh^ x-1 sin’-* /3 ' 

sinh (b - ]f) sirih {b - z) 


sinh (a - y) sinh {a - z) 


sinh 2(a -b) 


+ two symmetrical expressions in a:, ?/, s = 0. 


cosh 4,r - cos 4a 


, sinh 2x 


(9) log tan (a -\-ix) = \ log ^ u a , If \o + ^ " o 

' ® ^ 2 (cosh 2x + cos 2a)- sm 2a 

(10) Sum the series 

cosh a + cosli {a -f- b) + cosh (a + 2b) 

to n terms, and deduce the sum of the series 

cos a + cos {a + p) + COS (a + 2/3). 

(11) Provo that 


tan- ^ 


/tan2<?4 tanh 2a;\ 
\tan 20 - tanh 2a ; ) 


^ . /tan 6 - tanh a;\ 

^ \ tan 6^ + tanh a;/ 

= tan"i (cot ^cothar). 

(12) tanh (a + /3 + 7) 

_ tanh a + tanh /3 + tanh 7 4- tanh a tanh /3 tanh 7 
1 4- tanh /3 tanh 7 4- tanh 7 tanh a + tanh a tanh /3 ’ 

(13) The sum of the series 

ad inf. IS * cosh (sinh x). 


^ . cosli 2x cosh 3a; 

1 4- cosh X 4- ^ 4- 
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TRIGONOMETRY, 


Expansion of (2 cos a)* and op (2 sin a)". 

52, To prove^ whe^i n is a positive integer^ that 2" cos "a 
can be expressed in terms of cos na, cos (n — 2) a, etc. ; that 
2" cosh "x can be expressed in terms of cosh nx, cosh (n — 2) x, 
etc. , and that the two expressions are the same in form. 

We have, when n is a positive integer, 

2 cos na . 2 cos a = 2 cos (n + 1 ) a f 2 cos (n — 1 ) a. I. 

2 cosh nx . 2 cosh x = 2 cosh (n + 1 ) a: + 2 cosh - 1 ) x. 1 1. 

In I. put n= 1, and we obtain 

2* cos* a = 2 cos 2a + 2. 

Multiply each side of the result by 2 cos a, then 
2® COS^ a = 2 cos 2a . 2 cos a + 4 cos a. 

But by I. 2 cos 2a . 2 cos a = 2 cos 3a + 2 cos a, 
hence 2"* cos^ a = 2 cos 3a + 6 cos a. 

Multiplying each side of this result by 2 cos a, and again 
making use of I., we have 

2* cos‘‘ a = 2 cos 4a 4- 8 cos 2a 4- G. 

By multiplying each side of this nisult by 2 cos a, and 
making use of 1. on the right-hand side, we can obtain pn 
expression for 2^ cos' a in the recpiired form. And so on. 

By continuing this process we could obtain an expression 
in the required form for 2" cos'* a where n is any positive 
integer. 

Again, by making use of II. in the same manner we could 
obtain an expression in the required form for 2'* cosh" x. 

Also, since the process is the same in each case^ the two 
resulting expressions are the same in form. 



EXPANSION OF (2 cos a)«. 
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53. The expansion of 2" cosh" x can be found as follows: 
2" cosh" x==(e'-h e~y - 4- n 4- etc. 

= 2 cosh nx + n. 2 cosh {ii —2)x 

+ 2 cosh (/i — 4) .T 4- etc. 


Therefore also by Art. 52 

2" cos” a - 2 cos na -h7i.2 cos (u~2)a-h ^ ~ ^ (n - 4 ) a 4 etc. 


As in Art. 37, when n is even, the last term does not 
contain cosh .r, and in this term the factor 2 is to be 
omitted. 

n - 1 

*54. To prove, v)hen n is odd, that (-1) ^ 2^ shP a can 
he expressed in terms of sin na, sin (n — 2) a, etc. ; that 
2” sink nx can be expressed in terms of sink nx, shth (n - 2) x, 
etc. ; and that the tivo expressions are the same in form. 

We have, when n is a positive integer > 2, 

2 sin ( - 1 ) 2^ sin* a 

= 2 sin (ti + 2) a - t sin na + 2 sin (n - 2) a. I. 
2 sinh nx . 2* sinh“ x 

^ 2 sinh (?i 4 2) 03 — 4 sinh nx 4 2 sinh (?i — 2) x. II. 
Wo have also 

(-1)2'’ sin^ a -2 sin 3a - 6 sin a. 

' We proceed as in Art. 52. Multiply each side of this 
result by - 2* sin* a, and we obtain by the aid of T. 

(—1)* 2’’ sin^ a = 2 sin 5a — 10 sin 3a 4 20 sin a. 

Multiplying again by —2* sin* a, we could obtain by the aid 
of I. an expression in the required form for (-1)^ 2^ sin^a. 

By continuing this process we could obtain an expression 

H - 1 

in the required form for (-1) * 2” sin" a, where n is any odd 
positive integer. 
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Again, since 2^ sinh^ x = 2 sinh ~ 6 sinh x, by making 
use of II. in the same manner we could obtain an expression 
in the required form for 2" sinh” x. 

And since the process on^ the right hand is the same in 
each case, the resulting expressions arc the same in form. 


*55. We have 2“ sinh” .'K = (e"' — e ’)" \ii odd^ 
e”" - e’ - e"'”""''') + etc. 

— 2 sinh nx — n2 sinh (n — 2) x 
n{n~\) ^ 


+ ^ (7i—4:)x- etc. 


Tlierefore it follows by Art. 54, that when n is odd, 

( - 1 ) ‘ 2” sin" a = 2 sin na- 7i2 sin (ti - 2) a 

n(u~l) ^ , , 

+ ^ ' 2 sm (71 ~ 4) a - etc. 


*56. 7^0 2^7’ove that^ wh e7i n is even, 

n 

( - 1 2” sin" a ~ 2 cos 7ia -7i2 cos (71 — 2) a 

7i(n-\) ^ 

+ - ^ 2 cos (71 4) a - etc. 


We have, when is a positive integer > 2, 

2 cosna .(-1)2^ sin® a =- 2 cos (n + 2) a - 4 cos na + 2 cos (n ~ 2) a 
2 cosh nx . 2" sinh® x 

~ 2 cosh (n + 2) .-r - 4 cosh 7ix + 2 cosh {71 - 2) x. 

Following the argument of articles 54 and 55, we have, 
since 

(-1)2® sin® a == 2 cos 2a - 2, and 2® sinh® a; 2 cosh 2x - 2. 
And since 2” sinh" x-(e7- e'"')” [n em 7 i\ 

^ 2 ) 

2 cosh7i.r- n2 cosh {n-2)xY - '2 cosh (n - 4) rr - etc. 

1 . Z 



EXPANSION OF (‘2sina)^ 


G1 


Tlierofoi (3 wlien n is even (—1)“ 2" sin'* a 

^b\l% 1 I 

- 2 cos na — cos (n — 2 ) a -f j 9 ^ ~ 


In tlie last term tlie factor 2 must be omitted. 

’ [Cf. Art. 37.] 

*07. It must be noticed that in Art. 52 we take a par- 
ticular formula involving tlie cosines of multiples of a, and 
shew that from it a certain exp.insion of (2 cos tt)'‘ can be 
deduced ; we then shew that a formula of precisely the 
same shape involving the hyperbolic cosines of multiples of 
a;, is also true, and then we see that the corresponding 
exjiansion of (2 cosh a;)'* must have the same form as that of 
(2 cos a)". Thus in Art. 52 we give an example of the 
truth of the general statement made in Art. 49. 

Assuming the truth of the theorem of Art. 49 we may 
say at once: since 

2" cosh" X’ — 2 cosh 'nr + cosh [)i — 2) a; h etc , 
thenfore^ by Ait, 49, 

2" cos" a - 2 cos mx 4- n'l cos (11— 2) a 4- etc 


^EXAMPLES. XXII. 

Prove that 

(1) 8 cos‘*0 = co8 4^4-4 cos204-3. 

(2) - G1 = hill IQ -1 sin oO 4 - 21 sin 30 - 35 sin 0. 

(3) 128 sin®^ — cos 80-8 cos 60 4 - 28 cos 40 - 56 cos 20 4- 35. 

(4) Write down the lust term in the expansion in multiples of 
cos 0, of 

(i) 22»‘cos2«6>. (li) 22«4-i (m) 

(5) Any general formula expressed in cosines is also true m 
hyperbolic cosines. 

, (6) Any general formula expressed in cosines or in squares of 
sines will be true in hyperbolic cosines and sines if we wiite - sinh*^ 
for sin*’^?. 
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58. To i^rove^ when n is a j>osiiive integer^ that cos iia 
can be expressed in powers of cos a ; that cosh nx cayi he ex- 
pressed in powers of cosh y; and that the tico expressions 
are the same in form. 

We have, when n is a positive integer 
2 cos (?t + 1) a = 4 cos na . cos a - 2 cos (gi - 1 ) a (I.) 

2 cosh (n + 1) 03 = 4 cosh 'nx . cosh x ~ 2 cosh {ji- 1 ) x (1 1.) 

In I. put - 1, and we obtain 

2 cos 2a -- 4 co.s^ a - 2. 

Next put 'n - 2, and using this last result, we have 
2 cos 3a - 8 cos'* a — 6 cos a 

Put n = 3, then using the last two results we liave 
2 cos 4a = 1 6 cos^ a - 1 G cos** a + 2 

Next j)ut n- 4, then by the aid of the last two results, 
we can obtain an expression for 2 cos 5a in powers of cos a , 
and so on. 

By proceeding in this way we could obtain an expression 
in the required form for 2 cos na when 9i is any ])ositive 
integer. 

Again, by making use of (II.) in the same manner we 
could obtain an exjiression in the required form for 2 cosh 7‘x. 

Also, since the j^'^ocess is the same in each case, tlie two 
resulting expressions are the saine in form. 

Example. Prove that cosh nx - cos ua is divisible by cosh x - cos a 
when n is a positive integer. 

From the above we have 

cosh nx=zA,^ cosh'^j* + A „_2 cosh**^- x etc. 
cos = + a +ctc. 

the coefficients in the two expressions being the same. 
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Hence by subtraction 

cosb nx - cos na = (cosh” x - cos”a) + /tn -2 (cosh”*^ x - cos"'^^) f . . . 
and each term in this expression is^divisible by cosh a: - cos a ; [for 
yXK _ divisible by 1 / - 2 when n is a positive integer] therefore also 
cosh nx - cos is divisible by cosh x r cos a 


EXAMPLES. XXIII. 


(1) Prove that 

( 1 ) 2 cos 60 = 64 cos^0 - 96 cos^0 + 36 cos^^ - 2 , 

(ii) = {e^ + - 6 (e* + e-^y + 9 (e^ + e~^y - 2 

(2) Divide cosh i)x - cos 60 by cosh x - cos 6. 

(3) Prove that x^^-\- x~^ - 2 cos iia 

IS divisible by - 2 cos a when n is a positive integei 

( A) Prove that 

2 cosh ox = 32 cosh'* x - 40 cosh^ x + 10 cosh x 
Prove that 

(5) CO di 2x - cos 26 — 2 (sm^^ coshV + cos^^ sinh"x) 


50. We can find the law of the coefficients in tlie 
expansion for 2 cosh iix, as follows : since 

(1 - e^'z) (1 - 1 - (c' + c'*) + 

= I —z2 cosh X -f z^^ 

therefore log (1 - e^'z) -f log (1 - e'^'z) 

= log { 1 - (2 cosh X - s.)}. 

Expanding each side of this identity by Art. 4, we have, 
+ .. ^€~'z+ + le~^'z‘' + . 

=- (2 cosh x~z) -^^z^ {2 cosh x - zf 4 Iz^ (2 cosh aj - 4 . . . 
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This ideality is true for all values of ;;; which make the 
scries convergent. Hence the coellicients of on th(5 two 
sides must be equal. 

On the left-hand side the coefficient of is 

- (e"' + that is — 2 cosh nx 

' n 

On the right-hand side 

the coefficient of z'" in ^ (2 cosli x — z)" is -- 2" cosh" a;, 

71 ^ 7b 


in ‘(2cosh.x*--c:)'‘ ‘ is 

71—1 


(m- l)2"“"cosh”-'x‘, 


and so on 

Equating the coefficients we have 
2 2" 1 

- cosh nx — — cosh" x — — (w — 1 ) 2" ® c’osh" ‘a; 

71 n 71— 

7 b -'2 1.2 

_ _L - 4) ^5) ^ 

7b -d 1.2.3 

Or, 2 cosh nx - 2" cosh" x - ib 2"“® cosh"“‘'^ x + 

H 2""^ cosh""'‘ 7b - 7b j— 2“"® cosh""" x+ . . 

Therefore also 2 cos na - 2" cos"a - cos'‘"^a 4 - 


(n~3) „„ 

^ -^- '2 2" cos" " a - 



EXPANSION OF 2<;osn^. 


65 


■'‘'60. This result may be transformed into a more sym- 
metrical form as follows. The general term is 

I—, j 

I. Let it be even , let 2m stand for n. 

Then w — 27" is even ; let 2p stand for n — 2/*. 

The general term may be written 

(_ 1 )”-!> ■ ^{»>'+p-m ^ >^+p -2 )...i‘2p+i) 2., ^ 

' \m — p 

[where p is to have all integral values from 0 to rri] 

7i\m -^-p - \ 

= (_ 1 y-v 2^v cos"'' e 

\m—p\2p 

= (-\T-' ” + p-2). ..{ m-p+\ ) 2,, ^ 

n (2ot + 2p-2 )(2ot + 2p - i)...{ '2m) ...{2m- 2p + 2) ^ 

[for there are 2p-\ terms in the series (m+jo-1), (rn+p— 2) 

...{m-p+Vfl 

= (_ 1)»-. K-(2p-2nK^ (2; > -in,^K) 2 
Hence putting for p the values 0, 1, 2... we have, 2cos7i^ 

= (- 1)* 2 |l - cos' 0 + f;^27 374 ‘ 

II. Let n be odd, then by putting 2m + 1 for w, and 
making a similar transformation, we shall obtain 

w-l 

2 cosw^ = (— 1) * X 

of Z) nM-V) 3^ 7 i(n*-r)K- 3 -) ^ ) 

2|„ cos 0 - cos' 0 + \ 2 3^4 5 cos 0 - etoj . 

L. H. T. 5 
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*61. The following is an illustration of an important 
method. 

Suppose that we Lave a general theorem such as 
cos nO - cos 0 + A^^ cos ^ 0 + A^ cos *’ 0 + etc (I), 

which is true for all values of 0. For ^ put 6 + h and we 
have 

cos nO . cos 7ih - sin 716 . sin nh 

A A ^ (cos 6 . cos li ~ sin 0 . sin h) 

+ A^ (cos 0 . cos h - sin 6 . sin hy 

+ A^ (cos 0 . cos /i- — sin ^ . sin hy 4- etc. 

For cos h we may write 1 ~ and for sin h we may 
write h — Khf, where R and 7?' are both finite when A = 0; 
hence we obtain [Art. 44.] 

cos 71$ — nVi^R cos TiO — 7ih sin nO 4- 7V^hUl' sin 71 O 
= 4- Aj cos ^ 4- cos* $ 4 * etc. 

- A sin 6 4 - 2A^ sin 0 . cos 0 

4 - 3A^ sin 0 . cos* 0 4- 4A^ sin 0 . cos^ 0 . . .} 

4 - terms containing higher powers of (II), 

This result is true for all values of A, and remembering T, 
we see that it is divisible by A. Dividing by A we get a 
result which is true for all values of A, and is therefore 
true in the limit when A = 0. Proceeding to the limit we 
obtain 

4 - w sin = Aj sin ^ 4 - 2A^ sin $ cos ^ 4- SAg sin 0 cos* 0 4 - eta 

*62. The student who is familiar with the methods of 
the Differential Calculus will observe that the above result 
may be obtained by differentiating each side of the equa- 
tion (I). 
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*63. Applying this result to the series of Art. 60 we 
have, when n is even 


2 sin?i0 = (- 1)* 2sin^: 


n cos 6 - 




1.2.3 
when n is odd 


cos'*^ - 


71 (/r- 2^) 

I . 2 . 3 . 4 . 5 * 


s'* 0 — etc. I , 


2 sin nO - (- 1) * 2 sin 0 x 

K-1') ..1 (7r-P^)(7.*-30 , 1 

1 1 - ^ TTir ^ — 1 ■ 2 : 3 7 4 ' 


/ 


*64. Hence we have the series : 

I. (n even), (- l)®cos cos®^ + cos^^- 

1 . J 1 . is . <5 . 4 

II. „ (— l)®^^sin7i^“Sin^|7iCOS^~^^^^— cos®^+| 

’Ll! yy 1 

III. (tI odd), (-1)^ cos 7i^ = 7i cos ^ ^ ^ — „'cos^^+... 

1.2.0 

— r 7fc®-P 1 

IV. „ (-1)® sin7i(9 = sin^h- Y”^cos®^+ . 


II 


65. In each of the above fol’mulaB put ~-->0 for 0 , then 

I. {n even), cos nO — y— sin®^ + ? q ^ ] sin*^ - . . . 

1.2 1.2.ot»4 

„ sin nO — cos ^ |7i sin ^ ^ sin®d + . . . | 

III. (n odd), sin nO = n sin 0 — ^ sin*^ + . . . 

1.2.0 

{ 71* — 1* 1 

1 — _ — _ ^ . . . I . 

5—2 


IV. 
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*66. In the following example an independent proof is 
given of the result of Art. 63. 

Example. To expand cos r\d in ascending powers of sin 6. 

From Art. 19, we have when n is even 

cos = 1 + A.y sin^e + ^4 sin^^ + etc. .1. 

The constant term is 1, because when ^=0, cos?i(?=l, and 
sin 0=0. 

For 0 write B + h and we liave 
cos nS cos nh ~ sin nd sin 7ih 

= 1 + A (sin 0cosh + cos 0 sin h)^ + (sin 0 cos h + cos 0 sin h)* + . . 

For cos nhy write 1 - ^n^h^-i- etc., for sin?i/i, write nh - ItW + eic.t 
and substitute similar expressions for cos h and sin h. 

Then, 

eos ri0 {1 - + } -- sin n0 {nh - liW + . . .} 

= 1 + ^2 [sm 0 (1 - i;i2 ^ . . .) + cos 0 (7t - ih^ + . . .)]» 

+ A4[8in0 (1 ~ . .)-fcos0(/i- )]4^ 

In this result, which is true for all values of h, we may equate the 
coefficient of h^t and we have 

- Jn^ cos n0 = A 2 [cos’-* 0 - sin^ 0] + 

To obtain the general relation between the coefficients An, A^,.,. 
consider the term 

[sin 0 (1 - ^ cos 0{h-lh^,. .)]2r 

or neglecting higher powers of h than h^ 

A^f. [sin 0-hhcoa0- \h^ sin 0]^^ 

or expanding 

A^j. j^sin*’’ 0 + 2r sin^^^i 0 (h cos 0 - ^h^ sm 0) 
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In this the coefficient of is 

2r(2r-l) . _ 


. 1^ - r si; 


sin2»*(? + 


1.2 


sin2»-*^cos2 0 


that is, 


that is, 


■[ 


r sin" 0 + f sin"-® 0 


]• 

(1-Bin* fl)1, 


Hence we obtain as the coefficient of sin*** 6 in the expansion of 
- Jn* cos nd 

( 2, -{2, -1)1 U2r + 2)(2r + l)) 

+ ( 172' r 

But ^ 2 r coefficient of sin***^ in the expansion of co&n0\ 

hence 

_ A + A (2r;+2)(2jMa) 

■^n A2f>— ^ ^ ^ 21 * 4-2 1.2 * 

n*-(2r)2 




V At^, 


^ 2 r+ 2 - (2r+l) (2r + 2) 

Putting for r the values 1, 2, 3 . in succession we obtain 

A - "* J _ 

^ 172 “"“172’ 

_ ~2^ _n^ (n* - 2*) 

374 ^^“r2':3.4 ’ 

and so on. 

w* ti* (n^ - 22\ 

Thus cos = 1 - sin* 0 + q-V sin^ 0 - etc. 

1.2 1.2. 0*4 

[The same result would be obtained by comparing the series I. with 
that obtained by equating the second differentials of each side.] 


♦EXAMPLES. XXIV. 

Prove the following statements ; 

(1) CO8 4^ = 1~8cO8*0 + 8cO8^^. 

(2) - cos 6^ = 1 - 18 cos* ^ + 48 cos^ ^ - 32 cos* 0. 

(3) cos 9^ = 9 cos 0 — 120 cos*^ + 432 cos®^ - 576 cos*^ + 2* cos*^. 

(4) cos 0^ = 1 - 18 sin*^ + 48 sin*^ - 32 sin®^. 
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(») 

( 6 ) 

(7) 

(8) 
(9) 


/ . I. • • 

cos (x + n) = cos x-h sin x- - cos a; + -— sin x + etc. 

L? 

h- 

sin {x + h)=^ sin x + /< cos x - sin x - -- cos x + etc. 

L? 

cosh {x-i-h) = cosh x + h sinh x + - cosh x + etc. 

L? 

sinh (x + h) = sinh x + h cosh a; + sinh x + etc. 

^ / r .\ ^ h ^ 

log(x + ft) = loga: + --4-+^-3 . 


(10) If sinna = ^i sin a4-/i^sin‘^a+ ..., then 

n cos na — A^ cos a + 3^j, cos a sin^a + etc. 

(11) Prove that if cos”a = ^^coS7ia4-^„_2Cos(n-2ya + etc. 
then n sin a . cos^~^ a = nA^ sin 7ia + (w - 2) sin (n-2)a + etc. 

(12) Prove that 2” sin a cos”"^ a = 2 sin wa + 2 (n ~ 2) sin (it - 2) a 

+ (w - 1) (n - 4) cos (71 - 4) a + etc. 


(13) Prove that 

sin na-T-sin a = (2 cos - (n - 2) (2 cos a)**“® 

+ (71 - 3) (n - 4) (2 cos o)’**"® - etc. 

(14) Assuming when n is odd that 

sin n$~n sin d + A^ sin^^ + A^ sin®^ + . . 
prove as in the Example on page 68, that 


. ^ , 7i(n2-l) . n(7l2-l)(7l2-32) 

sin n$=n8md~ - j— sin^^ + sin'^6> . 

1 . 2.0 1 . 2 . 0 . 4.0 


(15) If sinh nx = Aj^ sinh x + A^ sinh-^x + etc., then 
n cosh nx=Ai cosh x + cosh x sinh^x + 


*67. Consider the equation (n even) 

2" cos" 0 - nT~^ cos""*tf -h 2""'* coh*'~*6 + etc. 

1.2 

+ (_!)» ” ^ ^ 2 cos‘^ - (- 1)» ~ 2 cos'tf + (- 1/ 2 

= 2 cos na. 
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Tliis is an equation of the nth degree in cos 0, one of 
whose roots is cos a ; and since cos 7ia = cos n^a -h , tlie 
other roots are found by giving r the values 1, 2, 3 . (ri - 1) 
a + — \ . This result is useful in 
solving problems on symmetrical functions of the series 


5 a, cos + 


27r\ 

n) ' 




Example. Find the sum of the series 


sec^a + sec^ ^ ^ 




+ to 11 terms. 


That is, find the sum of the squares of the reciprocals of the roots 
of the above equation. 

Hence, if Sq, Si, So, etc. are the coefficients of cos*‘^, cos»*~^^, etc. 

( S \ ^ 2S 

j 

and when n is even 

~S„ = {2co8na- (-1)^21, S^.i = 0, 


The required sum is 


When n is odd, the sum is 


1 - ( - l)2cosna 


cos^ na ‘ 


^EXAMPLES. XXV. 

Find the value of the following expressions, in which rnp — 2Tr. 

(1) cos a cos (tt + 0) cos (a + 20) . . .cos {a -f {n - 1)0}. 

(2) sec a + sec (a + 0) + sec (a + 20) + . .to n terms. 

(3) sin a sin (a + 0) sin (a + 20) + . . . to n factors. 

(4) cosec^tt + cosec^ (a + 0) + cosec^ (a + 20) ... to n terms. 

(5) tan^a + tan^ (« + J 0) + tan’ (a + 0) + to n terms. 

(6) tan a + tan (a + 40) + tan (a + 0) + to n terms. 

(7) cot a + cot (a +40)+ cot (a + 0) + .,. to n terms. 
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*68. To find the Quadratic Factors o/* x‘* — 2 cos na + x~”, 
when n is a whole number. [Compare Arts. 38, 58 Fx.^ 


The following is an identity ; 
a;” ~ 2 cos na + .x*" = {re”"' •!- {x — 2 cos a + 

+ 2 cos a {a3"~‘ — 2 cos (n — 1) a + 

- — 2 cos (n *- 2) a + 

Let y (n) stand for a;" — 2 cos na + aj~". 


Then the above identity may be written 
/(n) = {a:"-‘ + + 2 cos a/(n - 1) -^/(n ^ 2). 

Kow from this it is clear that if fi(l) divides both 
f(n- 1) and f (n — 2), it must also divide ^’(n). 

But y*(l) does divide y*(l) andy’(2). Therefore ^(1) 
divides /(3); and therefore /(n),when n is any positive integer. 
That is, (a; — 2 cos a + a;”’) is a factor of (a;" - 2 cos no. + a?”"). 


Again, it follows that x — 2 cos f a + ] + a;*"' is a factor 

of ic" - 2 cos (na + 2r7r) + a;"”, that is of a;'* - 2 cos na + a;"’". 
Hence we get that the n factors of a;" — 2 cos na + a;~" are 

{a; - 2 cos a + x~^} |a; - 2 cos ^a + + a;“^| 

n factors up to |aj - 2 cos ^a + — ^ 4- a;“^| . 


69. Writing - for x in the result of Arts. 38, 58, or 68, 
a 

and simplifying, we get 

ar®" — a"a;" . 2 cos na 4* a’" = {a;* — aa; . 2 cos a 4- a*} 

X |a:* - ax .2 cos ^a 4- 4- a®| x etc. n factors. 
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7 0. This result may be interpreted geometrically. 



Let Oli be the initial line ; with centre 0 and radius 
equal to x describe a circle^ let R01\ be tlie angle a. 

Divide the whole circumference, starting from into n 
equal parts, PJ\, 

Let OQ be equal to so that Q is any point in OR or 
in OR produced, then 


QP: - OiV+ 0(r^ OP, .OQ. 2 cos ROP, 
~ x*+ a*- ax . 2 cos a 
QP^*= OP;^ OQ^ - OPfiQ . 2 cos ROP, 


- - x^ + ’-ax . 



and so on. 


Hence the result of Art 68 may be written 
0P,^^-’0P: . OQ^2 coBnROP,+OQ^’^^ QP,\ QP,\ QP ; . . . QP^_ 


This result is De Moivre's property of the circle. 


71. Some particular cases of the above should be 
noticed. 
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When Q coincides with 7i, a = x, and the above after 
taking the square root of both sides becomes 

. 2 sin {\n . R0l\) - RP , . RP^ .RP,. . RP„_, . . .(I). 



Again if R coincides with one of the points Py then a is a 
multiple of — , and na is a multiple of 27r and we have 

{OH- - OQy = . Qiy . Qiy ... (?/» ., ; 

OR''-OQ''-=QP„.QP,.qP, .QP„_, (II). 

Now if the arcs P^P^j P^P^,... are bisected in points 
Pu Pi'"Pn~\ respectively, we have by what has just been 
proved 

OR^^^OQ'^’^ = QP^.Qp,.QP,. . 

Therefore, by division 

OR" + 0Q"= Qp„. Qp, .Qp,...Qp.., (III). 

The student should notice carefully that in (T) Q lies 
somewhere on the circumference; in (II) OQ or OQ pro- 
duced, passes through one of the points P^P^ ; in (III) 
OQ or OQ produced, passes through the middle point of one 
of the arcs p^p ^ , pj>^j etc. 

(II) and (III) are Ootes’ properties of the circle* 
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MISCELLANEOUS EXAMPLES. XXVI. 


(1) Prove Euler’s Formula, viz. 4 

sin0 e 6 6 , . » 

2 

and deduce from it that sin d is greater than 0 6'^. 

(2) AB iQ the diameter of a circle and Qq any point on the cir- 
cumference; Qi, Q.y, Q3, . are the points of bisection of the arcs 
AQq, AQ^, AQ^, prove that 

(3) Find the limit of (cos^)^®^^ when ^ = 0. 

(4) Find the limit of log^j^^ sin^ when ^=0. 

(5) Of what order is the error when ^ n substituted 

' 2 + cos 0 

for 07 


(6) Prove that 2 cos n<f) - 2 cosn^= 2" (cos 0 - cos 0) x 

|cos0-cos + . . jcos 0-*cos • 

(7) Prove that 

tanhar + J tanh^a^ + i tanh^a-H- . . , = tan ar - ^ J tan^x - 


( 8 ) 



Expand cos'*” 0 -f sin'*” ^ in a series of cosines of multiples 


Prove that 

IT 

cos ^ cos 


?5 

15 


Btt 

cos r - cos 
15 


47r 

15 


Stt Gtt 

cos — r COS ~ cos 

15 15 


Vtt 

is 


1 

^7 • 


(10) Form the equation whose roots are 

tan* fx > ^ JX • ii • 

(11) log |^° (cot gtanhx). 

' ' ®tan^-itanha; ^ ' 


sin 2a sin 4a . . sin {2n - 2) a 
sin a sin 3a sin 5a . ... sin (2n-- 1) a 
2na = rr. 


( 12 ) 

where 
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CHAPTER y. 

On the Summation of Trigonometrical Series. 

t 

72. There are two methods peculiarly applicable to the 
Summation of Trigonometrical Series. 

FIRST METHOD. 

73. Sometimes each term of a series may be transformed 
into the difference of two expressions. 

Example i. To sum the series 

sin a + sin (a + 5) + sin (o + 25) + . + sin {a + (n ~ 1) 5] 

We have 2sina.sin J5t=C08(a- J5)-cos(a + J5), 

2 8m(a + 5) . sin J5 = cos (a + JS) - cos (tt4-|5), 

2 sin (a + 25) .sin ^ 5 — cos (a + J5) -C08(a + f 5), 


2 sin {a + (n~ 1) 5} . Bini5=cos ~2 ~ ^ * 

Therefore, if stands for the sum of n terms, we obtain by addition 
25^„ . sin45 = cos (a-i5)-C08 | 


/ 2n-l^\ 


Therefore 


= 2 sin {a + ^ (n - 1) 5} , sin J nd. 

_8in {a + i (rt- 1)5} . BinJnS 
sin 45 


Example ii. To sum the series 

cosa + oos(a + 5) + cos(a + 25)+ ... cos {a + (7t- 1)5}. 
We have 2 cosa . sin J5= sin (a + J5) - sin (a - J5). 
Hence, proceeding as in Example i., we obtain 
^ _ cos { a + J (w - 1) 3} . sin Jn5 


t Noti. The sum of a series of sines or cosines of angles in a. p. is found by multi* 
plying each term by the sine of half the difference. 
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The results of these two examples are often useful. The 
student is advised to become familiar with them in words. 

The stmi of n terms of a series of sines (or cosines) of 
angles hi A. p. is equal to the fine (or cosine) of half the 
sum of the first and last angle, multiplied hy the sine of 
n times half the difference, divided hy the sine of half the 
difference, 

•Example lii. 'To prove that ?/n</»-‘27r, then 

sin a + sin (a 4- 0) + sin (a + 20) +sin {a + (n - 1) <p \ —0 

for all values of a. 

In the result of Example i., sin \nb occurs in the numerator, and 
sm^nd — hin J7i0 = sin 7r = 0, and the denominator sinj0 is not=0. 
Therefore the sum of the series = 0. Similarly 

cos a + cos (a + 0) + cos (a + 20) + ... + cos {a + (a - 1) 0} = 0 

74. The results of Example iii. may be stated geometri- 
cally : Let OR be the initial line and ROP any angle, then if 
the whole circumference of a circle centre 0 and radius OR, be 
divided into n equal parts J\ P^i etc. Then the sum 

of the sines (or of the cosines) of all the angles ROP^, 
ROP. . . . ROP , is zero f. 

1 H— I ' 



t This is an expression of the fact that the centre of gravity of equal 
particles placed at the points PoPj... is at the centre of the circle. 
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* Example iv. To sum the series 

sin”‘ a + sin»»* (a + 3) + sin”* (a + 25) + .. + sm”^ {a + (;t- 1) 5}. 

This may be done by the aid of Arts. 37, 55, 50. 

Thus, if m be even 

jn 

2”* sin”* a = ( -- 1)*-^ 2 [oos ma - m cos (m - 2) a -f } 
and the required sum may be obtained from the known sum of the 
series {cos ma 4- cos m (a + 3) + cos m (a + 25) + etc. } 

and {cos {m - 2) a 4- cos (m - 2) (a 4- 5) 4- cos (m - 2) (a 4- 23) 4- } etc. 

We may find the sum of the series 

cos”*a 4- cos”* (a 4- 3) 4- cos” (a 4- 25) 4- etc. to n terms 
in a similar manner by the aid of Art. 53. 

Example v. Sum to n terms the series 

cos^ a 4- oos^ 2a 4- cos^ 3a 4- 
8 cos^ a = 2 cos 3a 4- 6 cos a, 
we have therefore the required sum to 7i terms 

= J[2 cos 3a 4- 2 cos 6a 4- 2 cos 9a 4- 
4-6 cos a 4- 6 cos 2a 4- 6 cos 3a4- ...] 

2 cos {3a4-^ (yt- l)3a} sin fna 
8 sin |a 

6co 8 {a4-i^ (n-1) g} sin^ytg 
8 sm Ja ’ 

by Example ii, p. 76. 


EXAMPLES. XXVIL 

Sum the following series to n term^. 

(1) sin a 4* sin 2a 4- sin 8a 4- 

(2) cos a 4* cos 3a 4* cos 6a 4- ..... 

(3) sin a 4- sin 4a 4- Bin 7a 4- 
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(4) sin a . cos a + sin 2a . cos 2a + sin 3a . cos 3a + . . 

(5) cos* a + cos* 2a + cos* 3a + 

(0) sin* a + sin* 2a + sin* 3a + 

(7) cos'* a + cos'* 2a + cos'* 3a + . 

(8) sin 2a . cos a + sin 3a . cos 2a + sin 4a . cos 3a + 

(9) sin a , sin 2a + sin 2a . sin 3a f sin 3a . sin 4a + 

(10) cos* a + cos* (a + 5) 4- cos* (a 4-25) + 

(11) sin^ a 4- si n^ (a 4- 5) 4- sin** (a 4-25) 4- 

(12) Solve the equation 

sin 0 4- sin 26 4- sin H6 + etc. to n terms - cos 0 4- cos 20 4- cos 30 4- etc. 
to 71 terms. 

(13) Write down the value of series (10) and (11) when nh — 2Tr. 

(14) Prove that 

sin a -f sin 3a 4- sin 5a 4- . to terms ^ 

7 7 =tan na. 

cos a 4- cos 3a 4- cos 5a -f .to ii terms 

(15) Provo that 

sin a 4- sin (a 4- 5) 4- sin (a 4- 25) 4- to {2n - 1) terms 
sin a 4- sin (a 4-25) 4- sin (a 4- 45) to n terms 
is independent of a. 

(16) Deduce from Ex. (1) the sum of the series 

14-24-34...... 4-n. 

(17) Deduce from Ex. (6) the sum of the series 

1*4- 2* 4- 3* 4- etc. 4-n*. 

(18) Deduce from Ex. (9) the sum of the series 

1 . 24 * 2 .34-3.44* etc. 4- n (n 4- 1). 

(19) Sum the series sin a ~ sin (a 4- 5) 4- sin (a 4- 25) - etc. to n 
terms. 

(20) Sum the series cos a - cos (a + 5) 4* cos (a 4- 25) - etc. to n 
terms. 

(21) Prove that the series sin^ a 4- sin”* (a 4- 0)4- etc. to n terms, 
where n0:=2ir, is independent of a, provided m is less than n. 

(22) Prove that the series cos”* a 4* cos"* (a 4* 0) 4- etc. ton terms, 
where n0=2ir, is independent of a if m is less than n. 
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Example v. To sum cosec $ + coseo 20 + coseo 4^ -f . to n terms. 

We have cosec 0 = cot \0- cot 6, 

cosec 2^=^cot 0 - cot 20, 

cosec 2”~^^ = cot 2^~^0 ~ cot 2^0. 

Therefore, as in Art. 73, 

S^ = coti0~cot2^-^0. 

Example vi. To sum tan 0 tan J ^ + i tan J ^ + etc. to n terms. 

We have tan cot (9- 2 cot 2^, 

^ tan 4^ = 4 cot -cot 0, 

J tan J ^ = J cot J 0 - i cot J etc. 

1 0 

Therefore vlT-i “ ^ 

75. If the result of summation of such series is given, 
it is often easy from that result to discover the required 
transformation. 

For example. The result of the summation in Example i. has sin J5 
in the denominator. This suggests that sin a . sin ^5 may be transformed 
into two quantities which are of course J cos(tt- J5) - Jcos(a + i3). 
Again, in Examples v. and vi. the required transformation will be at 
once seen if we put n — lin the answer. 

The student however is advised only to resort to this 
method of solution as a last resource. 


EXAMPLES. XXVm. 

Sum the following series to n terms. 

(1) sec 0 . sec 2^ + sec 2^ . sec 3^ + sec 3^ . Bec4^-f 

(2) cosec 6 . cosec 20 + cosec 20 . cosec 30 + cosec 30 . cosec iO + 

(3) cosec 0 . sec 20 - sec 2^ . cosec 30 + cosec 30 . sec 4^ - etc. 
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(4) 

(6) 

( 6 ) 

(7) 

(8) 

(9) 


+ 


cos a + cos 3a cos a + cos 5a cos a + cos 7a 


+ etc. 


sin a 


sin 2a 


.+ 


sin 3a 


cos a + cos 2a cos a + cos 4a cos a + cos 6a 


-fete. 


cos 2a 


+ — 


cos 3a 


+ etc. 


cos a - cos 2a cos a - cos 4a cos a - cos 6a 

sin 26 . sin® 0 -f ^ sin 4^ . sin® 2^ -f ^ sin 8^ . sin® 4^ + 

sin 26 . cos®0 - ^ sin 4^ . cos® 26 + ^ sin 80 . cos® 40 - 

0 0 0 0 0 
sin $ . cos'* - - 2 sin - cos’ ,- + 4 sin 7 . cos'* 7;- 
2 2 4 4 8 


( 10 ) 

( 11 ) 

( 12 ) 

(13) 

(14) 

(16) 

(16) 

(17) 

(18) 

(19) 

( 20 ) 


sec a . sin 2a . sec 3a -f sec 3a . sin 4a . sec 6a -f etc. 
sin 2a sin 4a 


sin a . sin 3a sin 3a . sin 5a 


-fete. 


1 + 172 +*““'’ 1 ^ 973 17 ^ 74 +““=- 


ITf72a^ + ‘““'‘ 1 + 2. + *““'’ l7S74a-' + 
. , 3a® , 5a® , 

*““■ 1 + V 7i^a^ + 1—2-173^ + 


tan 0 + 2 tan 20 + 4 tan 40 + etc. 

tan a + cot a + tan 2a + cot 2a + tan 4a + cot 4a + etc. 

sin 0 sin 30 + sin 20 sin 60 + sin 2® 0 sin (2® . 30) + etc. 

. 0 . 30 . 0 . 30 

sin 0 . bin 66 + sin - sin + sin ^ . sin -- + 

Z Z Z^ Z"* 

cot 0 cosec 0 + 2 cot 20 cosec 20 + 2® cot 2® 0 cosec 2® 0 + . . 
cot 0 cosec 0 + ^ cot ^ cosec | + cot ^ cosec ~ + 


a a 

(21) cosec a + cosec - + cosec ^ + . . . 

(22) ^ sec ct + ^ sec a sec 2a + J’j sec a sec 2a sec 2®a + etc. 

(23) Deduce from Ex. 2 the sum of the series + 2^ 4- 3^^ 
to n terms. 

(24) Deduce from Ex. 17 the sum to n terms of 

1.3 + 2‘®.1.3 + 2-‘.1.3+... 


L. H. T. 


G 
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SECOND METHOD. 


7 6. When the sum of r. series of the form 
Aq ~ A^x + A 2 ^ + + etc. 

is known, we can obtain the sums of two series of the forms 
A^-\- A cos 6 + A^x^ cos 2^ + A^x^ cos 3^ + etc., 
and A ^x sin 0 + A^x^ sin 20 + A^x^ sin 3^4- etc. 

Let C stand for the sum of the first series, and >9 for tlie 
sum of the second series, then 

C -\-iS= A^ + A j.T (cos ^ 4 - 1 sin ^) + A^x^ (cos 2^ 4- i sin 20) 4- etc. 

+ A^xe'\ A, (xi^y + A^ {xe'^ + etc. 

The sum of the last series is known by hypothesis. 

The result of the summation must then be expressed in 
the form A whence we have C — A and S = B. [Art. 11.] 


Example 1. Sxm the series 

l + x cos O + cos 20 4- etc. 4- cos (» - 1 ) ^ 

Let be the sum of this series, and let 

Sn-i =: a; sin ^ 4- sin 2^ 4- 4- sin {n- 1)0 

Then C„4 -lS„_, = 1 + 


This is a series in a. p. .*. its sum = 


1 - x'^e 

1-j 


in9 


Multiply the numerator and the denornuiator of this result each 


10 

hy 1-xe , and we have 




- _ 1 - rt’”* - xe - * 


1 - X («*’ + « **) + X- 


1 - 2a; cos 0 + x^ 


^ 1- X cos 0 cos n0 4- cos (n-l)0 _ . . ^ ^ 

Therefore C^- - „ ^ . [Art. 11.] 

” 1 - 2a cos 0 + x^ ^ 


>S' ^1 = 


X sin 0-x^ sin n0 4 a;”+^ sin {n -1)0 
l-2x cos Oi-x^ 


Also 
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Example 2. Sum the injinite series 

sin a + a: sin (a + /3)+ sin (a + 2^) + sin (a + 3/3) + ... 

r , li 

Let *9 stand for the sum of the series, and let 

• 

C = cos a + .r cos (a + ^) + cos (a + 2/3) + . . . 

If 

Then C + tS = ^ e**^*^^ + = e''“ [ Art. 3 ] 

II 

— ^ ^ 

= (cos a + 1 sin a) ^ { cos {x sin /3) + 1 sin {x sin /3)} . 
Therefore 5 = c® ^ { sin a cos {x sin /3) + cos a sin {x sin /8)} 

_ cos ^ (a + ar sin /3). 


EXAMPLES. XXIX. 


Sum the following series to infinity. 

(1) sin a + a; sin 2a + a;2 sin 3a + . 

(2) cos a + a;cos(a + /3) +ar2cos (a + 2/3) + . 

(3) sin a + cos a sin (a + /3) + cos^ a sin (a + 2/3) + . 

(4) cos a + sin a cos (a + /3) + sin- a cos (a + 2^8) + . 


(5) 

( 6 ) 

(7) 

(8) 

(9) 

( 10 ) 
( 11 ) 
( 12 ) 


sin a + -~ sin 2a + f sin 3a + . 

li li 

X sin ct + -;, sin 2a + - sin 3a + 

li li 


cos a 


cos^ a 


1 7 -r- cos /3 + - — cos 2/3 - cos 3/3 + . . 

r li li 

sin a - i cos a sin (a + /3) + i cos* a sin (a + 2/3) - 
1 2 


sin a - i sin 2a + J sin 3a - . . 
cos a + i cos 2a + ^ cos 3a + . 
sin a . cos /8 - J sin® a . cos 2/3 + 4 3/3 - . . 

cos 0 . cos 0 + 4 cos* d . cos 20 + 4 cos* d . cos 30 + . . . 


6—2 
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Sum tho series 13, 14, 17 to 20, to n terms. 

(13) cos a + a; cos (a + /3) + cos (a + 2/3^ + . . 

(14) a: sin a - sin (a + /3) -ha;® sin (a + 2/3) - ... 

(15) 1 + „ co« a + CO& 2a + 2) eoa 3a + 

to (n + 1) terms. 


(16) 

(17) 

(18) 

(19) 

(20) 


sin a 4- nx sin (a -f /3) 4- — 

to [n + 1) terms. 

l4-cosa . cos/34-cos®a . cos 2/3 4- cos® a . 008 3/34* . 
sin a 4- sin a . sin (a -I- /3) 4- sin® a . sin (a 4- 2/3) 4- . . 
sin a 4* 2 sin 2a 4- 3 sin 3a 4- 
1® cos a 4- 2® cos 2a 4- 3® cos 3a 4 - 


*Sum the following series to infinity. 

(21) - cos a sin /3 +^4^—7^ cos® a sin 2/3 


\i3 


( 22 ) 

(23) 

(24) 

(25) 


cos a - J cos 3a + 1 cos 5a — .. . 


l + ^e” 


COB ^BIU C 


e~* COS y-^ e~'^ cos 3y 4 - 1 cos by - 
sin a; - J c®* sin 2a; 4* J e®* sin 3a; - 


Expansion in Series. 

77. The expression - 2x' cos ^ 4- 1 is the product of 
the two factors {\ - xe^^) {\ ~ xe~^^), and therefore an ex- 
pression having — 2ic cos ^4-1 for its denominator may 
often be expanded in ascending jiowers of x by finding its 
equivalent partial fractions. 
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•r, ,1 , 2co«a-2xco«(a~i3) . 

Example i. Expand — i““2x^7^+x^ ascending powers 


of X. 

2 cos a -2x cos {a- 0) ^ e^^ + e 
1 - 2x cos ^ + x'^ 






[Art. 23.] 


ia — la 

e e 

= c^{l + xe^ + x^e^^+ }+«-’“ il + xc-’'^ + *V-'‘^+ } 

= + « - “ + X (/“ + e ■ ‘“- *^) + X* + e - ~ + 

= 2cosa4-a;2cos(a + ^)+a;2 2cos{a + 2/3)4- [Art. 28 ] 


Example ii. Expand ^ ascending powers of x. 

Here, (1 - 2j;cos a + x ^) may bo written (1 - xe^)-'^ {l-xe~ 

= {l + xe^-\-a^-/-^^ + .T^e^^^+ } {1 +.TC-*“ + .rV-2^+ V-^*"+ } 

= l + .r2 + j:4+ . {r + a;3 + x5 4- . } 

+ + e~^^} {x^-\-.x*-bx^+ }+etc. 

= ^ — , { 1 + .r 2 cos a + 2 cos 2a + 2 cos 3a + { 

1-x^ ’ 

This gives the required expansion. 

Writing ^ for X we have, if a > h 

(a® ~ 2ab cos a + = “a 1 1 + 2 ^ cos a + 2 cos 2a + .. | . 

.^Exainple hi. In any triangle c^rra^ -2ab cos C + b*; let a &c>b, 
then c* = a® ^1 , [Art. 77.] 

.*. 2 log c = 2 log a + log ^ {^~7i 

r=21oga-“(c*^+e ^‘^)-otc. [Art. 4.] 

a a“ 

log c = log a ~ cos C - h~n cos 2G -^cos 3(7 »- etc. [Art. 23.] 
a “ 

This series may sometimes be made useful when - is small. 
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trigonomethy. 


Example iv. Expand gin bx in ascending powers of x. 

2i . e^^sin hx — e^ 

u 

^^x{a^ih) _ ^z{a-xh) ^ 

♦ 

Expanding and in ascending powers of x by 

x’* ax 

Art. 2, we have as the coefficient of r - in the expansion of e sin bx 

|n 


2i 


{(a-hih)^ - {a- ihy^]. 


This is equal to 

^ 'r” (cos ^ + 1 sin ^)“ - 7 ^ (cos B-isin ^)”}, 


2i ' 

where 

that is, is equal to 

or 

that is 


r=V(a2 + />2)^ d = tan"^ 


1 « I xnB —luS. 

-c }, 

r”sin 110 , 

{a^ + h-y sin |?i tan~^ . 


78. The following example is important. 

Given sin d = x sin (0 + a), expand 0 in a senes of ascending powers 


of X. 


Since sin ^=a;8in (d + a), e *^ = a: (e*^^**^ - c *“), 


[Art. 23.] 

2.16 -i , to, 2 t 0 — ta, 

e -l = x{e e ~e }. 

2i0 l-xe~^^ 

^ icT’ 

1- xe 

log = log (l — xe~ - log (1 - are’®). 

2id + 2irir = ar(e’®-e'^**)+Jar* (e^^^-e^^^^l + etc. [Ait. 4.] 
^ + r7f = a:sin a + ^ar*sm2a + ia;3sin 3a+ ... [Art. 23, 28.] 

If in the abovi a;= - 1, then sin 0= - sin (^ + a), so that we may 
put - 20 for a. Hence we obtain when 0 is less than Jtt 
0 => sin 20-^ sin 4^ + ^ sin 60 - etc. 



EXPANSION IN SERIES. 


87 


EXAMPLES. XXX. 


(1) Expand ^ — 2 cos 0 { — - of ascending poweis of a ; 

and prove that if p„_i, Pn’ Pn\-i ^0 the coefficients of three consecutive 
terms 2p^cos <p===Pn-i-^Pn+v 


Expand the following expressions m ascending poweis of 1 


( 2 ) 

Sin a 

(3) 

1 + X cos 0 

1 ~2x cos a 4 - .t- ‘ 

1 4 - 2 . 1 ; cos ^ 4 -.r-^ * 

W 

log (1 - 2 c cos a 4 - x'^). 

(•>) 

Bin a - X sin (a - fi) 

1 - 2x cos fi+v^ 

(6) 

^or cos a gQg gjjj 

(7) 

ax „ T 
e cos bx. 

(8) 

ax , , bx ^ 

e cos bx e cos ax. 

(9) 

X cos a , . 

e sill (a. hin a). 

(10) 

X cos ^ ^ ^ ^ 

(11) 

Sin (a4-.f sin ^). 

(12) 

In any triangle sin -1 — ^ ( 

J 4- C), hence piove that 


A = sin C 4- sin 2C + etc 
b 

(13) If tan <f>~n tan 0 , find a series for 0 in terms of 0 . 

nf) ( —t7l9 N 

(14) Prove that 

sec”0 in cosines of multiples of 0 . 

(15) Prove that cos na cos”a 4 - 1 sin 71 a cos^a — ^ r- and 

' ' (l-itana)*‘ 

expand cos nacos"a in ascending powers of tan a. 

(16) Sum to infinity the series 

(i) 4 4- 9 cos ^ 4- 21 cos 2^ 4- 51 cos 3(? + etc. 

(ii) l4-3a;sin^4-ll.r-sin2^4-43.r^sin30-t- . 

(17) Prove that the coefficient of 111 the expansion of 

sin b i 4- sin ax 


is. 


2(a24-52)i . 

, sin 

(n 


7nr 

T 


cos n 



)- 



88 
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CHAPTER VI. 

I 

Resolution of siu^ and cos^ into Factors. 


79. To prove sm6 = e(l- (l - A ) (l - 3^ x . . . 

By Arts. 38, 58, or G8 we have when 7i is a positive 
integer 


* — 2,«" cos 27ia + 1 


: (x^~ 2x cos 2a + 1 ) - 2.x cos ^2a + -f 1 1 x . ,n factors, 


the last factor being 

I - 2a: cos ^2a + ^ + 1 1 . 

In this result let x - 1, and let 2n<f> — tt, then 
2 (1 ~ cos 27ia) = 2" (1 — cos 2a) {1 - cos (2a + 4^)} x . . 

X {1 - cos (2a + - 1 4^)}. 

Now 1 - cos 271a - 2 sin^ na j 

hence making this substitufion and then taking the square 
root we obtain 

=J= 2 sin na = 2” sin a sin (a + 2(f>) sin (a + 4<^) x . . . 

X sin (a -H 2n(f> - 2^). 

But sin (a + 2n^ - 2</)) sin (a + tt — 2cl>) - sin (2<j!) - a) ; 

sin {a -f 2 {71 — 2) <f>} - sin (4</> - a) ; and so on 
Hence, when n is odd, we have 

± 2 sin 7ia - 2” sin a sin (2</) + a) sin {2<f> - a) . sin (4<^ 4- a) x 

sin (4<j!>~\a) x ... x sin \{7i- 1) ^ + a} sin {{71 ~ 1) a}. 
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But sin (2<^ 4- a) sin (2</> - a) sin* 2</> - sin* a. 

Hence substituting 

=fc 2 sin 7 ia == 2" sin a (sin* 2<^ ~»sin*a) (sin* 4<^ - sin® a) x . . . 

X {sin* (71 — iy<f> — sin* a}. 

Next, divide both sides by sin a, and let a ])e diminished 
without limit; then we obtain 

27 i 2" sin* 2</> . sin* 4</> sin* (j<f> x . . x sin* (71 - 1) </>. 


Divide the first of these last two results by the second, 

, . . /. sin^a\/ sin*a \ 

thus =*= sin na - 7t sin all- 1(1 — r g ' . ) x . . 

\ sin* 2<^/ \ sin* 4</)/ 


Write 0 for 71a, and let n be increased while a is dimiiiislied 
without limit, 0 remaining unchanged ; then since 

.0 


sill a 
sin* 2<^ 


. J 

HHl® - 

71 0 


n \7iJ 

\ 7 ^/ 7i 


therefore the limit of ^ ^ is ^2 ; 

sin* 2</» TT* 


[E. 290] 


and the limit of 71 sin a = that of 7h sin - , i.e. — 0 ; 

71 


proceeding to the limit we obtain 


=t sin 0 - 0 




Now, when 0 lies between 0 and tt, sin 0 is positive and 
every factor on the right-hand side is positive ; when 0 lies 
between tt and 27r, sin 0 is negative and one factor only on 
the right-hand side is negative ; and so on. Therefore the 
upper sign must be taken in the above result instead of the 
ambiguity*: and the proposition is established. 
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80. To resolve cos 0 into factors we proceed as in Art, 
79 and obtain the identity 

2 sin na = 2" sin a . sin (a sin (a + 4<^) x . . 

♦ X sin {a 4 - {7i - 1) 2<^} 


In this write a-h <f> for a, then 7ia becomes na + n(/)j i e. 
na + Jtt, and we have 

2 cos na - 2" sin (a + </>) sin (a + 3<j!)) sin {a + 5<^) x . . . 

X sin {a 4 - {271 - 1) 

Blit sin {a 4- {2n - 1 ) = sin (a + w — ({>) = sin (<^ - a) ; 

sin {a + (2n — 3) <^} - sin (3^ - a) , 


and so on. 

Hence when n is even we have 
2 cos 7ia == 2'* sin (<^ 4 - a) sin (<^ -* a) sin (3<;^ 4 - a) sin (3</) — a) x . . . 

X sin {(?i - 1 ) </) + tt} sin {(n - 1 ) </» - a} 

= 2 " (sin** - sin* a) (sin* 3 <^ - sin* a) x . . 

X {siir { 71 - 1)0 — sin* a}. 


Whence, writing 0 for 71a as before, we obtain 


cos 


^ 7r“ j y 3VV svy ■ • 


[The ambiguity in the sign may be removed by the 
method either of Art. 79 or of Art. 81.] 


*81. We can prove that the uppe^' sign must be taken 
in each of the identities on p. 89 as follows : — - 

In the figure, let JiOI\ = a ; produce 1\0 to Q, and divide 
the semicircumference PQ into 71 equal parts P^P^, P^P^, 
etc. Then since n, 20 =: ir, each of the angles PjOP ^ , 
PfiP ^- . . is equal to 20 and ROP^ = a + 2(f}f ROP^ = a + 40, 
etc. Now consider the first ambiguity on page 88. 
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I. Let a be less than tt (Fig. L). Now, since sin 

is negative when is helaw ROL^ the product of sines on 
the right-hand side will be positive or negative according as 
the number of the points Pn-<i ••• which are below ROL^ 
is even or odd. Let r be that number. Then a, which 
■= ROP - LOQi is equal to (r . 2^ -f X), where X is less than 2<^ 
[in Fig. I. r = 3 and X - hence na - n (r2(^ -t-X) 

-- ttt + nX, where nX is less than tt. Therefore sin no. is 
positive or negative according as r is even or odd., that is, 
according as sin a . sin (a + 2^) sin (a + 4</)) ... is positive or 
negative. 

II. Let a lie between tt and 27r (Fig. II.) Then P^ is 
below ROL^ , and if there are also r of the points jP^, P^ . . be- 
low ROL ^ , (r + l)of the factors sina, sin(a-f2<^). .are negative. 
And in this case a = 27r-PfiR = 27r - (r . 2(f> + X) [in Fig. II. 
r - 3 and PjOR = X], 7ia = 27i7r — rir— ?iX, where nX is less 
than TT. Hence sin na - - - sin (rir + X), and therefore is 
negative or positive according as r is even or odd. 

III. Let a be greater than 27r; and let a==2m7r-f a' 
where a is less than 27r. And the proposition, being true 
for a by I. and II., must also be true for a. 
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TRIGONOMETRY. 


82. In this and the following article we give an alter- 
native proof of the propositions of Arts. 79 and 80. 

To prove Bine = e(l-5) 

The proof depends on successive applications of the formula 
2 sin = 2 sin x 2 sin . 


0 ^ I ^ 

We have 2 sin 0 = 2 ^ sin - sin 


: 2 sin ^ X 2 




o • " o 

X 2 sin X 2 sm 


(1-2')] 


. 0 . 27r-f^ . TT + O . 3ir-f^ 

= 2 * sm sin -^2 sin - sin y,— 

0 . 4iTr -f- 0 . 27r -j- 0 Ott + 19 . tt + ^ 

= 2« sin sin — sin ~ sin sin ^ - x 

5Tr + 0 37r + ^ . 77r + ^ 

«,n-— sm -~^,-8m 


^2*^ . d . Tr + 0 . 27r + ^ . 37r + 0 
= 2 sin^^sm -g, sm ^,;-sin-~-x 

. (2^-l)w + e .. , 

xsm^— 2^ X [A.] 

Hence since 

. (2”-l)ir + 0 w-e . ( 2 “- 2 )t + 0 . 2ir-e „ 

Bin = sin — , sm ' =8in , &c., 

we get on rearranging the factors 

o • fi2" • ^ • Tr + 0 . TT ~0 . 2Tr + 0 . 2Tr - 0 

2 Bin 0 — 2^ sin^-sin -— sm sin -7^— sin - x 

2” 2^ 2" 2^‘ 2^ 

. 3jr + 0 . Sir - 0 

^ . 0 \ . .TT . ^ 0 ){, ^2t ... 0 ) 

2sm e = 2 sm ^ |sm«^ - sm«2„j jsm\^,. - sm»^,| x . (i), 

the last factor being 

. 2»-'ir + fl . /r e\ e 

«« -2«- - [2 + 2S j ^®°‘'2“» • 



RESOLUTION OF co8 0 INTO FACTORS. 


93 


In (1) divide by 8in , and then x>ut ^ = 0, and we get 

2« = 2* ■ ^ sin* sin* | J sin* x . . . . 

Divide (1) by (2) and we get 


Bin 9 .6 


Multiply by 2’‘ ; then let n be increased without limit and we get 
sin«=.jl-Jjjl-£4jl-3!Ljx [K 290] 

83. To prove con 6= (l - 5') (^ " S^*) (^" IS) ^ 

Pioceeding as in Art. 82, we obtain the result [A] viz. 

o /I 0-2" • ^ + ^ . {2^-l)7r + ^ 

2 8m« = 2* sm^nsm sm - 2 — X xsm' ^ . 

In this identity put Jtt + d for 6y and we have 

o /I O'’'* * 4^ + ^ ^TT + d . ^Tr + 9 {2^ - ^) IT -h 9 

2 cos e=-2- sm sin — sm x x sin ^ . 

Hence, since 

(2»‘-i)7r + <9 ^ir-e . (2”-^)7r-fd^ i7r~9 

sm' 2 — ,8m • 

We get on rearranging the factors 

o a 02 ** • 4^ + ^ • 4^“^ il7r4-0 . jJtt - d 

2cos0=2* gin*-^,-^sin?- 2 „ sin - 2 „ sin x ... 


2 cos ^ = 2^’ i Bin' 


Jtt . ^ M . oItt . o ^ ) r\ 


In this result put 9=^0, 


2 = 2*"sin*i’^Bm*gBin**;;'x.. 


Divide (i) by (ii) ; then let n be increased without limit and we get 

>*•«> 
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84. Many particular identities may be obtained from 
the results proved in Arts. 79, 80. For example, in the 
identity 

2 cos na ~ 2" sin (a + </>) sin (a + 3<^) x . . . x sin (a + 2n</) - ^), 
put a = 0, and we have 

1 = 2"“^ sin . sin 3<^ x . . . x sin (2?^ — 1) </», where 2n<ji — tt. 
Again, in the identity 

2 sin na = 2" sin a sin (a + 2<^) sin (a + 4</>) X ••• 

X sin (a + 2n</) — 2<^), 

let a be diminished without limit, and we have 

2n ~ 2" sin 2</> sin 4</> x . sin (2n</> — 2c/>), where 2n<f> = tt. 

85. The two results 

may be proved by the aid of the following lemmas 

0'^ 0‘' 

Lemma 1 . The series ^ ~ "■ ~ ^ (^) capable 

of being expressed as the product of an unlimited number of 
factors each of the form a^ — 0. 

The first n terms of the series is a rational integral 
function of 0 of the (2?i+l)^^ degree. Therefore, by the 
Theory of Equations, the first n terms of the series can 
be expressed in the form of the product of 2it + 1 factors 
each of tlie form a — 6. 

Hence F (B) may be expressed in the form of (the 
product of 2n + 1 factors + when is the remainder 
after n terms. This statement is true for every value of n 
however great. 
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Now F (0) is convergent for all values of 0 ; therefore 
by 'choosing n sufficiently large we can make as small 
as we please. 

Therefore, by increasing n without limit, the remainder 
E^ vanishes; and therefore F(0) is capable of being ex- 
pressed as the product of an unlimited number of factors 
each of wJiich is of the form - 0. 

[The student must notice that for different remainders the sets 
of factors are entirely different.] 


Lemma II. J/ is a value of 0 for which the series F {6) 
vanishes then - 0 is one of the factors ofY (0), 

For F{0)^ F{e)-F(a,) 


0^ a ^ 

etc. to n tei'iiis + E - E ' 

li: 1.*^ 

where is the remainder of F (6) fifter n terms, and E ' 
is the remainder of F {a^) after n terms, where E^ and EJ 
can eacli be made as small as we please by choosing oo 
sufficiently large. 


Hence 

F{0)-=:{0~-a^)Q-hE^^-E\ 

This is true however great n may be; and since F (0) is 
convergent for all values of 0, Q must be convergent also, 
when 71 is increased without limit ; and in the limit when 
71 is chosen sufficiently large E^^ and E ' each vanish. 


Hence F {0) — {0 — aj Q q. E D. 


Note. The above lemmas aie true of any function of 0 which is 
a series of ascending integral powers of 0 and which is convergent for 
all values of 0, Therefore they are ti iie for the series 

, e- 0^ 



95, 
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Now it has been proved in Art. 41 that 
= sin 0 for all values of 6. 


Also sin 0 vanishes wheli 0 has any one of the values, 
0, — TT, + TT, — 27r, 4- 27r, . — 'tlTT, 4- OlTT, ... \ 


Therefore vanishes for each of these values ; 


Therefore F (0) is divisible by 0^ by tt + by tt - 
by 27r + by 27r - ... by + 6^ hy nrr - 0^ hy ... 

and therefore by 


0 , 1 +-, 1 --, 
TT TT 


^ 27r ’ ^ 27r ’ 


.. . [Le 


1 .] 


Also, sin 0 does not vanish for any other value of 0 real 
or imaginary [Ex. Art. 30J 

Therefore F {6) has no factor of tlie form a - ^ whicli is 
not included in the above product. 

But by Lemma 1. F {$) may be expressed as the pro- 
duct of an unlimited number of factors every one of which 
factors is of the form a ~ 0. 


Therefore the factor A is a number independent of 0. 
To find A we remark that when the factors 




are multiplied out, the coefficient of 0 is A^ and that the 
coefficient of 0 in {$) is 1 ; .\ A -1. 


/ A \ 


Hence we have that 
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Again Tjeniina I. and II. are each true of the Func- 
tion 

whicii function is equal to cos ^ for all values of 0. 

And cos 6 vanishes when 6 has any one of the values, 

“ A '^TT ... — i ('271, -h 1) TTj + ^ (2?^. + I) TT, .. 

Therefore ({>(0) vanishes when 0 has any one of the 
above values. 


Therefore eft (0) by Lemma T. is divisible 
by by - 0, by + 0, by ]7r - 0, . 

by \ (271 \ \) TT \- 0 y by 1 (2/i + 1 ) tt — . . . 

and therefore by 


1 + 


2i9 


L - 


20 


I + 


20 

Stt ’ 


2^ 

Stt ’ 


Also cos 6>, and <^ (^), does not vanish for any other 
value of 0 real or imaginary. 


Hence we have found all tlie factors of </> (0) and we 
have 




2^=\ / _ 

;vWV 5V; 


X 


where A is a numerical factor, 

1 • ^ /m • , 0 ^ 0 ^ 

and since </> (c?) is 1 :r 4- — ^ . 

I 2 I 4 

by multiplying out the factors and equating coefficients, 
we have A — 1. 


Hence 


cos 0 = 




X 


L. II. T. 


7 
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'’^86. To find the Factors of cosh 2a, - cos 20 , and of 
sinh a, cosh a. 

By Art. 69, x^‘'-2x'y” ccs 20-\-y^" has n factors of the form 

2r7r + 20 2 

X — 2xy cos — + y . 


Let }i be odd. The last factor is 

^ 2mr-2ir+20 , 

x~ — 2xy cos — + y \ 

2tt-20 

and this is equal to x' — 2xy cos f- y^. Tlie last 

^ n 

factor but one is 

^ 27nr — Ytt + 20 

X' — 2xy cos — + v/% 

, , . . w ^ \ir-20 . , , 

and this is equal to x~ ~ 2xy cos - — ^ — + y'. And so on. 


Hence 


-2x\fcoii 20 


/ 2 O \ f 2 27r ± 2(^ A 

lx -2xy cos — 4- y \ x \ x - Jxy cos — J ^ 


X - 2xy 


2r7r ± 20 

cos - — +y 

n 


X ./ifactois. (A.) 


where - 2xy cos — — -f y^^ stands for the product of 


the two factors 


^ 27r-^20 A/., 27r-2^ A 

(a; — 2xy cos — ~ — + 2 /“ 1 — ^'^x^y cos — - — + 2/ ) • 

In A. write 1 + ^ for x. and 1 — for y. 

n 71 

Then the general form of factors on the right hand is 

2r7r d= 20 


(‘ 4 )-('- 5 ) 


cos + 

n 
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that I, s. 2(l+y-2(l-^yco« 


a^\ 2r7r^’20 


that is, 4 sill' 


. ^ rTT ± 6^ j ^ _j ttt ± ^ 




111 the resulting identity put « ^ 0, and on the left-hand 
side 2-2 cos 26 ^ that is 4 siii®^, so that A reduces to 

i - 2/1 A ' 2 ^ A ' 2 '^^^ A 

4 sill 6 -^4: sill - 4 sin - 4 sin x . . . 

71 71 71 

Using this result to simplify the right-hand suh?, the 
identity A becomes 

- 4 sin^^ f 1 + ^ cot^ ^ . X -I- cot" X 

\ 7h nj ( 71“ 71 ) 


a" rir^O) 
1 -I- , cot" > 

7t“ 71 ) 


111 this let 71 be increased without limit, then 

{(l-J y%ecomese-. 

( 1 lA (1— I ( 1+1 becomes d^xo^'^i.e. 1. 

\ n/ \ 71/ 


a . 2 rTT ± ^ a 

g cot becomes , 

7ir 71 (rTT =± 


(rTT ± Of ' 


Hence 


2 COH 20 - 4 sin'^ |l + “ J |l + X 

1 1 + x^ - - -- yjv4 X • X (1 + / 

I, (iir -t Oyf \ (rir ± 6)^) 
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‘87. J n this result put 0^-0; then the limit of 
is and we obtain 

C ”2' -) ^ (^‘ ^ 2 v) " rvO 

Next put 2^ = ir, and we have 

/e- + e-\‘ /, 2V\Y, 2VV / 2V \= 

( 2 j tt" A^'^Svj "" (^■^(2r+ l)VA ■ 

In taking the square root, since e** - 6““ has always the 
same sign as a [Art. 2], and is always i)ositive, we must 

take the same sign for each side in eacli result. Hence 


sin 0 -= 0-~ - + -r- - etc. 
Id -5 


88. Since 

and sin^ = d(l -A) X 

we obtain the Algebraical identity 

Similarly, from the two expressions equivalent to cos 0, we 
obtain 

^ /TTN 

^ 1^ ^ li ^ ^ 

I. and II. are identities, and are true for all values of 0. 
Therefore they are true if we write <t> for also they are 
^rue when in the resulting identities for (fiy we write -</> 
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In the resulting identities we may write for </>, then 


, a* 


— b 

2VV ' 

^ \ 

3vj 

, a'* 


2V^ 

3VV 

i 2V\ 

' V 5 VV 


By the above artifice the results of Art. 87 and of Aibs. 79, 
80 may be deduced the one from the other without the 
introduction of 1). 

89 Many results may be obtained from tlie identities 


0"- , / 
^"|3+ ( 


, 0^ 6' ^ j 

1 -|2+|4-''t^ -( 

/ ir’" ) V 3V7 \ " r)vj "" 


Example 1. Provr that ~ + -l- + =T. • 

1- o- o 


Fiom first of the above identities wo have 

Jr ■ "£) 

+ '''s(l-3^) + otc. 

Expanding each of these logarithms by Art. 4, wo havo 



In this identity wo may equate the coefficients of the various 
powers of 0^. Hence 

1111 7r2 
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^Example 2. io^.rope cot^=- - .. 

By Art. 79, log sin 0 = log ^ i log ^1 - +log ^1 - 2v) 

The required result may ho obtained by writing 6-\-h for 6 in this 
identity, expanding each term in ascending powers of d, and then 
equating the coefficient of h on each side Now 

log sin {0 + h) = log sin 0-^h cot cosec- 0 - etc. as in Art. 109 


log(0 + /«) = log + ^'j|=log0 + ^‘-i ^,+ 


[Art. 4.] 


log < 1 


U- 


0 - 

1 -TT- 


2he 

rV 


Jr 

1 -TT- 


etc. [Alt. 4.] 


-o-y' 


\ l-TT-/ r-W-O- (/-TT- 

Hence, making these substitutions in 

log sin (d + /i) = log (d + //) -1 log |l - +ctc., 

and equating the coefficients of h, we obtain the required result. 


EXAMPLES. XXXI. 


Ihove the following statements: 

(1) p + 3i, + ^TT-. 


(2) 


1111 
14 2^ :h 4** 


(2) ^^ + ^-^ + ,.4 + 74 + 


- 4 


(4) The sum of the products of the squaics of the reciprocals of 
every paii of positive integers is iIutt* 

22 42 02 




2 “ 1 .3 *.‘1.0* 5. 7 
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When 71 it 

! even 





,1- 

^ . TT 

37r 

a - 1 

-1 


(1) 

sin — 
2 a 


X sin TT 

2n 


« — 

y TT 

27r t 

n- 4 

71-2 


(11) 2^ 

cos ~ . 
n 

cos X 

71 

X cos - TT . 
2n 

cos ^ - 7r = 
2/1 

(7) 

sin (a - 0) 

sin a 

4- 


^-a) +27 



4 - 

2-4;) (‘ 

+ 8,r~a) 

87r4-ay ^ 

(«) 

sin (a 4- 0) 
sin a 

4- 

:)('-4 

a) (^ + 747 ) 0'271a 

(‘.0 

cos (a - 0) 
cos a 

.(i. 


■7-?2a) (^ + 

2^ \ 

Btt - 2a / 




J4)('-: 

2<? \ 
riTT 4- 2a y ^ 

(10) 

cos (a 4- 0} 
cos a 

4 - 

44)4 

'44)(-- 

20 \ 

27r '-2a ) ^ 


(11) 


cos 0 + cos a 
1 + cos a 




COS ^(a- 0) cos ^{a-\-6) 
cos jaoos 

ii_ ^ 

( (Hiria) 




wliore 1 


0- 


- - ' — r., stands for 

(7r=ta)“ 


O' 

(/)7r -t a)‘ 

l\, _ _Ji_ 

( ^ (tt I a)- ) ( (ir - 0 ) 


u 


0- 


• (1‘^) 


cos 0 - cos a / 1 _ 1 1 1 1 

1-coSa ~ V a-/ ( (‘iTTiaj-J ( 


I 

(dTTrfc a)“j 


sin 0 + sin a 
'' ' ' sin a 

(ir>) li’rom the result of Kx. (11) deduce the factors of 
cosh .T 4-cos a. 
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(16) From the result of Ex. (12) deduce the factors of 

cos^' a; -cos a. 

(17) Fiom the result of Ex. (7) prove that 

1 2a I 2a 2a 


cot a = 


a 7r--a2 2V-a2 ~ 


2 2 2 2 

(18) tana;= _ F --- -4etc. 

' ' T — 2x Tr + 2x Srr - 2x ^tt + 2 c 

1 1 2a 2a 2a 

(10) . — — 4- o .» — o H .. r.. “ 

Sin a a tt- - a- i-ir- - a- o-tt- - a- 


( 20 ) 


Ott 


4 cos a TT- - 2-^a .IV- - 2-a- ^ 5-w^ - 2~a‘ 


(21) Since c‘'^ + c~'^-2cos2a = 2cos2iT-2cos2a 
-'-4 sin (a Fix) sin (a - ix), 

deduce from the factors of sin 6 those of cosh 2x - cos 2a. 


+ 1= + a--! x-* + 5= ^ 4' 


1TJ? ^ 

^ e - e ^ 

C rrx nx ' 


P+-x» + 2^-+x-- + 3^Vx= + = I ■ >77- - 

(24) ( 1 + 1 + 12 + + 14^2 + ) 

^(4 + P + 4 + 3“ + 4^^’+ ■) = 

(25) 


„ 3V+05 
4-2 ! — + 


(26) Find the factors of 

1- 

(27) Find the factors of 


, 0 0-^ 0^ 

I 1 1_ 

P_ 1*1 F 
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CHAPTER Yll. 

On tur intkkpretation of J—\. 

90. In Algebra, one of tlie interpretations which we 
gi\e to the symbol - is, that wlien 4 - a certain number of 
linear units indicates a distance in some cliosen dii*ection, 
then - a certain number of linear units indicates a dis- 
tance in the same line but in the opposite direction. 

It is also shewn that positive and negative numbers 
having this interpretation obey the laws of algebra. 

Hence, when working out with algebraical symbols a 
problem concerning distance, we interpret the symbol - to 
indicate a complete change of dii’ection. 

91. Now (juaiitities wiiich contain J—\ as a factor 
are in some way dilierent from quantities which do not 
contain this factor. 

For when A ^ ~ \ B = a ^ ,J - lb then A=a and B — b. 

We want then an interpretation of the effect of multi- 
plying a distance by J 

We have seen that the effect of multiplying a distance 
by - 1 may be said to be, to turn the distance through two 
right angles. 
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And whatever interpretation we give to ^ - 1 it must 
be such that the nmltiplicf/ion of a distance by 

-7-1 X -7 - 1. 

tliat is, by — 1, must have the effect of turning a distance 
through two right angles. 

Hence, it seems worth while to consider liow far we 
may interpret the effect of multiplying a distance by 
l>y su})posing that it turyifi that distance through one right 
angle. 


92. Accordingly we propose the following interpreta- 
tion; having chosen a direction OR as the positive direction, 
we produce EG backwards to A, and call OL the negative 
direction. 

We then draw OU perpendicular to ORy and call OU 
the J —\ direction ; producing T'^Oin the opposite direction 
to /) \N(* have OD the — J direction. 



Now take any line O' P in the direction making the 
angle a with OR ; draw PN parallel to U 0 and O'N 
parallel to OR. 
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Now supj)ose the length of O'P is r feet, then 
JNP ~ r feet, 
and O'N ~ rcos a feet. 

To indicate the position of^7^ relative to O' we may say 
that it is the dnstance 

r (cos a + - 1 sin a) feet 

'Jdiat IS, if from O' wo go r cos a fec‘t + \/ — 1 r sin tt fc'ot 
we sliall arrive at P. 


We notice tliat when we Jiavii done this we shall have 
arrived at a point J* whose distance in a sti^aight line 
from O' is r feet. 


Thus (cos a f \/ - 1 sm a) may ])e said to ifrnt a distance 
thro'tKjJi the miyle a 

For, (cos a + n/ — 1 sin a) r feet indicates a distance r feet 
from the initial point in the direction making the angle 
a witli the chosen positive direction. 


Notk. Tho chief fundamental rules of Algebra are 

a + b - h 4- u , (i - b~ - h -{-a 

a + ( -I- i) — a + b , a-\- ( ~ h) = a - h ) 

a ~ h)~a- h] u - ( - b) = rt 4- b ) 

( 4 u) X ( + b) =r + nb ; ( 4- «) x ( - b) => - ub ) 

( - «) X ( 4- b) — - ah ; ( - a) x ( - b) = 4- ab ) 

ah = ha . 

Tlie geometrical application of Algebra may bo explained thus: 
The unit is a distance ; say one foot. 

a considered ns a symbol of geometrical operation indicates tliat a 
line is to be extended to a times its original length, 4- indicates that 
the lino is to be drawn in a certain chosen direction ; hence, 

4-u foot indicates the following operation performed on the unit. 


0 ), 

(>i). 

(»•). 
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From a clioson starting point called the initial point we draw a 
line one foot long in a chosen dj- ection called the positive direction, 
and this line is then produced to a times its length. 

The symbol - indicates that t\e line to which it is applied has 
been turned through two right angles. 

The symbol /s/(-l) indicates that the line to which it is applied 
lias been turned through one right angle. 

Now provided we interpret a group of operations performed upon 
the unit as indicating the tian&fenng of the initial point from its 
chosen position to another position^ it will be found that the symbols 
interpreted geometrically as above obey all the fundamental laws of 
Algebra. 

We give the proof of two of these laws, leaving the lest as an 
Exercise to the student. 

To shew that ( ~ a) x (-/>)= + ab. 

(-h) performed on the unit carries the initial point h feet in the 
positive direction and then turns it through two right angles. 

( - h) performed on this line a feet long in the negative direction 
extends it to h times its length, i.e. makes it ah feet and turns it 
through two right angles; it will be seen that by this process the 
initial point has been carried ab feet from its chosen xiosition in the 
positive direction ; that is 

( - /i) X ( - rt) = + ab. 

To shew that 

a-i-N/(- 1)6 performed on the unit carries the initial point a feet 
in the positive direction and then h feet farther in the direction at 
right angles to it. 

- l)b + a performed on the unit carries the initial point h feet 
in the direction perpendicular to the positive direction and then a 
feet farther in the positive direction. 

In the first case the initial point is carried along one pair of sides 
of a rectangle, and in the second along the opposite pair of sides, 
landing the initial point at the same spot in each case; 
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03. Consider any complex expression 

a-¥\). 

Taking a foot as our unit distance {a + th) means go 
a feet in the positive direction, and h feet in the direction 
perpendicular to it. 

Let (t ib ~ r (cos a + i sin a), 

then r - + 6^, 

a , . b 

cos tt — - and siu a — — . 
r r 

In the figure on page 101, if O'N—a feet, NT^b feet, 
then O' F — r feet. 

Thus the modulus of the expression a + iby 

may be said to indicate the resaltcmt clibtance r, 

01. We have said tliat the factor 
cos a + i sin a 

turns a distance thi’ough the angle a. 

Tlierefore the factor 

(cos a + i sin a) x (cos (3 + t sin 13) 
turns a distance through the angle (a + (3) and therefore 
should be equivalent to tlie factor 

cos (a + y3) + i sin (a h (3). 

This is true by De Moivre’s Theorem. 

Thus our interpretation of i gives us a complete inter- 
pretation of De Moivre/s IMieorem. 

05. Let us suppose that the factor turns a distance 
through tlie angle 0, 

Then a feet v/ould mean 
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Take any point O ' draw O' P — a feet in the di- 



rection 0 ; fioni P draw PQ ~ O' P in the direction - Q 

Now by the geometry of the iigure, O'Q is e(jiial to 
re X 2 cos^ feet in the positive direction. 

So that the factor is equivalent to the factor 

2 cos 0. 

Again {e^ x a feet would mean 

do a distance O' P -- a feet in the direction 0 and then 
from P go a distance - PQ in the direction -- 0 and by 



the geometry of the figure O'Q is equal to a x 2 sin 0 feet 
hi the J - ^ direct ton. 

So that the factor is 0 (iuivalcnt to the factor 

2 sin 6 y. s/ 
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We have now some notion of the meaning of the sym- 
bol — in such an expression as ^ 2 cos 0 ; e*® -f 

may be said to transfer its initial point to the same hnal 
position as 2 cos 0 docs but by (i difierent path. 


EXAMPLES. XXXII. 


(1) Trove tliat the two expressions 

r (cos a f i sin a) + / (cos ^ + 4 sin /3) 

and p (cos 0 + 1 sin &) 

I o •) /I r. / / 1 X n rcona + r'coafi 

where = H -i- r ^ - 2rr cos (a - B) and tan 6 = ,—7 — ;r 

^ \ r-/ ^ a + r sin /3 

are equivalent algebraically and geometrically. 

(2) Prove that the factor where r is a whole number, is a 
factor which does not alter the quantity multiplied. 


(3) From Arts. 49 and 83 deduce the following general proposition. 
Any formula which is true for all values of 0, which contains terms 
involving odd integral powers of the sine of any multiple of 61, cannot 
contain any term which involves an even power of the sine of any 
multiple of 0, 
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(JIFAPTEU VIll. 

The lluLE OP Propoktional Differences, 

OTHERWISE CALLED 

The Theory of Proportional Parts. 

96. The logarithms in this Chapter are Common Lo- 
garithms. 

In the Elementary Trigonometry a Rule called the Rule 
of Proportional DifTercnces was given, and it was shown 
that, assuming the Rule to be true, we are enabled 

to use Tables of a more moderate size than would otherwise 
be necessary. [Cf. E. 218 — 222.] 

The Rule is as follows The differences between three 
numbers are proportional to the corresponding differences 
between the logarithms of those numbers, provided the 
differences between the numbers are small compared with 
the numbers. 

In this Chapter we shall prove that this Rule of Pro- 
portional Differences is practically true as applied to the 
Table of Logarithms of Numbers, and that it is also prao- 
tically true in general as applied to Tables of Trigonometrical 
Ratios and their Logarithms. 
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97. The Kule as applied to the Tables of Logarithms 
may be stated thus : 

Let 71 be any number greater than 10000 and less than 
100000 ; let d be any number iiot greater than unity ; then 
as far as seven places of decimals the following proportion 
is true : 

log (nA-d)- log 7^ d 
log (71+ 1) - logyi 1 


98. To p7'ooe the Rtde fo7' the Table of common lo- 
garithms 

We have 

log + d) ^ log 7 i ^1 -I- - log^i 1 log ^1 + 


- log n + /A I' 


1 <r 1 <r 

2 7C ^ 3 


[Art. 4.] 


Let 71 bo not less than 10000 and d not greater than 1; 
also jx the modulus [Art. 7] is -4342945. . Hence /x is 


les.s than 


, d. 




nob greater than *0001. Therefore^ „ 

® 2 


not greater than 4 (-0001)*, i.e. not great(*r than -0000000025 ^ 

~ ^ is much less than this 
3 7d 

Hence at least as far as seven decimal jdaces 


Similarly 

Therefore 


log (n + d) — log n - — . 
log (71 - 4 - 1) - log 71 — ^ 


log (n + d) — log n d 
log (n + 1 ) — log n 1 ^ 
which proves the Rule. 


L. 11. T 


8 
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99. To'i)rovej iUe Rule for the Table of uaiural sines. 

That is, To iwove that ?* * a he any aiigle^ and S' angles 
not greater than 1', then 

sin (a + 8) “ sin a 8 
sin (a + 8') ~ .sin a 8' 
as far as seven dechnal places. 


We have sin (a + 8) - sin a cos 8 + cos a sin 8 

— sin a {1 - ^S"* -f . .} + cos a {8 — J^8'’ 4- ...} [Art. 41.] 
= sin a + 8 cos a — J 8^ sin a — J 8^ cos a + . . . . 

8 is here the circular measure of an angle not greater tlian T, 
.*. 8 is not greater than *0003 [E. Ex. x. 17], J8^ is not 

greater than *00000005 and sin a is not greater than 1. 
Hence, as far as seven places of decimals in the value of the 
sines, 

sin (a 4- 8) — sin a 8 cos a. 


Similarly sin (a 4- 8') - sin a = 8' cos a 

. sin (a 4- 8) — sin a 8 

Therefore ^ ^ 

sin (a 4- 8 ) — sin a 6 


n 

n' 


where n and n' are the numbers of seconds in the angles 
8 and 8' respectively. 

Thus the rule of proportional difference is true as applied 
to the Table of natural sines. 


100. It must be observed however, that wJien a is 
nearly \ tt, cos a is very small, and sin a approaches unity ; 
so that when a is nearly Jtt, 8 cos a is comparable with 
J8® sin a. 

Hence, when a is within a few minutes of 90^ we cannot 
neglect — ^8® sin a in comparison with 8 cos a. 
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Therefore in this case we niust say that 

sin (a + 8) — sin a - o cos a — ^ 8** sin a. 

Hence, the differences between^ the sines of two angles which 
are each nearly 90”, are not approximately proportional to 
the difference between the angles. 

The differences are then said to be irregular. 

It must be noticed, however, that we have proved that 
8* sin a is less than *00000005, and as we are neglecting 
figures after seven places of decimals the term -i 8® sin a 
does not affect the result. 

A quantity whose measure when expressed in terms of 
the unit under consideration is less than *0000001 is said to 
be insensible. 

Consequently, in the case of sines, wlien the differences 
become irregular they are at the same time insensible. This 
insensibility gives rise to a serious practical dilHculty. See 
Arts. 114, 127. 

101. The case of the Natural cosines. 

Since cos (a + 8) cos a cos 8 -- sin a sin 8 

= cos a — 8 sin a — J 8® cos a + ^8® sin a + ... , 

wo may prove as in Art. 99 that the rule of proportional 
differences is i)ractically aj)plicable to the cosines of angles 
when the differences between the angles are less than one 
minute. 

Also, wo may prove as in Art. 100 that when a is nearly 
zero the differences between the cosines are irregular, but 
insensible. 


8—2 
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102. The above results may be explained geometrieally 
thus : /' 



Let RPU be tlie quadrant of a circle, radius unity. 
Let ROP be an angle nearly 90‘* , draw PN^ PM perpen- 
diculars to OR and 0 U. 

Then the arc UP and the line PM approach to coin- 
cidence as the angle POU is diminislied. In other words 
the path of P differs very little from the line PM. 

Hence, when ROP is nearly a right angle the differences 
in PN^ as the angle approaches a right angle, are small when 
compared with the differences in the arc RP. Hence it is 
said that the differences in sin 0 when 0 is nearly ^ tt are 
insensible. 

The irregularity in the differences is caused by their 
smallness and consequently it is of little importance. 

Also since the measure of PN is the cosine of the angle 
UOP, we can see from the same figure the cause of the in- 
sensibility of difference in the cosine of a small angle. 
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103. TIio case of the tangent may be discussed as 
follows; 


tan (0 H 3) 


sin (6 + 8) 
cos (0 + 8) 

sin 6^ + 8 cos ^ 4 8^ sin 0 — etc 

cos ^ - 8 sin ^ ^ 8^ cos 0 4- etc. 

sin ^(14-8 cot ^ — 1 8^ — etc.) 
cos ^ ( 1 - 8 tan ^ 1 8® + etc. ) 


hence, neglecting higher powers of 8 than the second, we liave 
tan (^4- 8) - tan^(l + 8cot ^-^8'^){1 -(8 tan ^4- 1^8“)}“' 

- tan ^(14-8 cot^ - ^ 8‘^) (1 4- 8 taii^ 4- ^ 8^4- 8*^ tan^^) 
tan ^{14-8 (cot 0 4- tan 4- 8^ (1 4- tan^ ^)] 

- tan (9 4-8 sec" ^4-8^ — ^ . 

cos-*e^ 


Hence, unless sin^sec’^ is large, we hav(‘ 
tan 4- 8) - tan ^ 8 sec^ 0 ^ 

which proves the rule in this case. 


104. Suppose that the Table of tangents is calculated for 
every minute. Then the largest value of 8 (as in Art. 99) 
is *0003 nearly. Hence the greatest value of 8* sin^scc^^ 
is (-00000009) sin 6 sec^ 6 nearly. So that when 0 is greater 
than Jtt we are liable to an error in the seventh place of 
decimals. Hence the Rule is not true for tables of tangents 
calculated for every minute, when the angle is between 45^ 
and 90®. 


105. It follows immediately from Art. 103, since the 
cotangent of an angle is equal to the tangent of its com- 
plement, that the rule must not bo used for a table of 
cotangents, calculated for every minute, when the angle 
lies between 0 and 45®. 
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lOG. Tii(j of the secant. 

1 / 1 

St c {6 + 8) ^ ( 1 ~ tan ^ ^ 6“" -f . ) 

- sec ^ { 1 -f 6 tan 0 -^ 8 '^ (I -f tau^ 0 ) -h . . .}. 
Hence, neglecting powers of 8 above tlie second, 

sec (0 + 8) - sec 0~8 sin 0 sec^ ^ + 8^ (^ + tair 0 ) sec 0 . 

Whence it may be shewn tliat the differences are irregular 
but insensible when the angles are very small, and they are 
irregular but large when the angle approaches a right angle, 
and that with these exce])tions the Itule of Pro 2 )ortional 
Differences is true. 

107. The case of the cosecant. 

The cosecant of an angle is the secant of its com 2 )lement. 

108. The Kule of Proiiortional Difference's is particularly 
of importance in practical work. In Practice the Logarithms 
of the Trigonometrical Ratios are more often used than the 
Patios themselves. It is therefore j)articular]y iin])ortant to 
consider whether the Pule is true with respect to the Logs 
of the Trigonometrical Patios. 

109. To consider the case of the L sine. 

log sin (0 -f 8) log {sin ^ + 8 cos 6 -\ 8 ^ sin 0 - etc.} 

- log sin ^ {1 + 8 cot 0 —\ 8 ^— etc.} 

-= log sin 0 + log {1 + 8 (cot 0 1 8 - etc.)} 

- log sin^ +/>i8(cot^-J8'-...)— J/x.8‘^(cot^--J8--...)^+... 

= log sin ^ + /x8 cot 0 - J/a8* { 1 + cot“ 0 ] + . 

== log sin 0 + 1 x 8 cot 6 - ^ p 8 ^ cosec** 0 + 

Hence, omitting higher powers of 8 than 8*, we have 

L sin {0 + 8 ) — L sin 0 ---- p 8 cot 0 — \ fx 8 ^ cosec® 0. 
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If tlie Tables are calculated for every ten secuiuls, 6 is not 
greater than *00005, and therefore, unless cot 0 is small or 
cosec^ 0 large, wo have L sin {6 + S) — L sin 0 cot 0 as 
far as seven places of deciuialfi^ which proves the Rule to be 
(jeneralhj true 

110. When 0 is small, cosec 6 is large. Sup})oso that the 
Tables give the Zsin of every 10". Then 8 is not greater 
than the circular measure of 10", which is *0000484. . 
and /X is not greater than Hence ^/a 8^ cosec® ^ is not 

greater than ^ . 1 n order that this may not .affect 

the seventh decimal place 6 cosec® ^ must not be greater than 
10®, that is 0 must not be less than about S'’. 

Also when 0 is small, cot 0 is large. Hence when the 
angles are small, the diOerences of consecutive L sines are 
irregular and they are not insensible ; so that the rule of 
Proportional Parts does not apply to the L sine when the 
angle is less than 5". 

111. When 0 is nearly a right angle cotO is small and 
cosec 0 approaches unity. 

Hence when the angles aie nearly right angles, the dif- 
ferences of consecutive L sines are irregular but they are at 
the same time insensible. 

112. 'fhe case of the Table ofL cosines. 

Similar conclusions concerning log cos 0 may be inferred 
from the formula 

log cos (0 + 8) = log cos 0 — fjiZ tan />t8® sec® ^ 4 -. . . 

The differences in this case will be irregular and largo 
when 0 is nearly a right angle, and irregular and insensible 
when 0 is nearly zero. I'his is also clear because the sine of 
an angle is the cosine of its complement. 



116 


TlilGON^jMKTIiY 


113. We lind then that the Rule of })ro|)ortioiial differ- 
ences cannot he applied to if iterpolate between the L sines 
of angles which differ by 10'^, when the angle is less than 5®. 
Three methods have been prq)Osed to replace the Rule. 

I. The simplest plan is to have Tables giving the 
L sines for each second, for the first few degrees of the 
quadrant. 

II. In the following method we require a Table of the 
same size as that in method I., but it is a Table in wliich the 
differences are insensible. Accordingly we can with this 
table calculate the log sine of an angle which lies between 
two consecutive seconds. The method is as follows : 

Let 0 be the cii'cular measure of n seconds. Then when 
B is small B-n. sin 1" very nearly. Hence 

, sin B . sin n' , • i „ 

losjf — “ lo<^ — . — - lo£( sin n - loi^ n — loix sin 1 , 

® 0 °7isinr ® ; 

r • //I r • 1// 1 

. L sin n - log - r — Ij sin 1 + log )i 

u 

/ sin^ ^ 

= log n f (log — ^ -f L sin 1 J . 

Hence, if a table is constructed giving the values of 

/ sin^ A 

(^log-^ +Z,sinlj 

for every second, for the first few degrees of the quadrant, 
we can, when the angle is known, find the value of 

sin d r 1 „ 
log — ^ + L sin 1 
u 

from this table, while the value of log n can be found from 
the ordinary Table of the logs of numbers. And hence 
L sin can be found. 
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Moreover 


sin 6 


1 — + lii^^ier powers of Oy and 0 is 


by hypotliesis the circular measure of an angle less than 5®, 

, sin 0 
SO that 

in log 


0 

sin 6 


- 1 — J approximately. Hence the differences 
when 0 is small, will bo insensible (i. e. will not 


affect the seventh place of decimals in the result). 


[For, log - log ^=log {1 - J ((1 + m - log (1 - itP) 

the largest term in which, is - i.e. the product of two small 
quantities.] 


Therefore wo shall not introduce any sensible error in 
a result obtained from the formula 

L sin 71 ' = log 71 + ^log + 7/ sin 1"^ 
if we take the nearest value of loir sin I" in th(' 

® e 

Table. The oi’dinary table gives the value of log ti. Hence 
we can find L sin 7t\ even when 7i is not a whole number. 

II T. Maskelyne’s Method. [This method is used in the 
absence of the sjiecial Tables recpiired in I. and TI.] 

When 0 is small, we have 

sin ^ ^ (1 — ; cos 0==l — ^6 ^ ; 

.*. =1-^=(1- approximately, 

— (cos 0)^y neglecting higher powers of 6 than 6^, 


Hence log sin 0 ^ log 0 + ^ log cos 0. 

Now, when 0 is small the differences of log cos 0 are in- 
sensible (Art. 112), and if 0 be given we can therefore find 
log sin 0 at once. 
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If we arc given log sin we must fiist find from the 
table the nearest value fi 6y and thence find a value of 
log cos 0 which will not sensibly differ from the exact value, 
and then we get ' 

log 0 - log sin 0 — \ log cos Oy 

and we thus get a second aj)proximation for the value of 0. 
With the Table of L tangents we proceed thus . 
log tan 0 log sin ^ — log cos 0 

— log 0 - I log cos 0 approximately from above, 
and this result may be used in a similar manner. 

Example i. Find L sui 1<’30'27"*2. 

Let X seconds = ^ radians. 

Then irx = 180 x 00 x 60 , 

log 0 = log a; f 0 0855741). 

Here 1^30'27" *2 = 5427 *2 seconds ; 

theiefore .t--5127‘2. 

10 + log e = log 5427*2 + 4-6855749 ; 

L sill 0 = S-7U575S + 4-68557 19 - J (-0001504) 

= 8-4201000. 

Example ii. Find 0 when L sin 0=8 1021832. 

From the tables by the ordinary rule we find 0 = 43'30". 

Hence if x be the number of seconds in 0 

10 -}- log 0 = log X + 4-0855749 = L sin 0 + J (L sec ^ - 10) ; 

.*. log a; = 8-102832 + 5*3144251 4- J ( 0000348) 

= 3-4160257 = log 2009 *88 ; 

6>=43'*29"*88. 

The student should notice the equation 
10 -f log 0 = logx + 4*6855749, 
where x seconds = $ radians. 
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EXAMPLES. ^XXIII. 
i 

(1) Find the following Tabular Logs. 

(i) L sin P11'3C"*8. (ii) L sin 1. (in) L Un lM4'30"-8. 

(2) Find the angle 6 from the following equations: 

(i) L sin 0=:8-48324()2. (ii) L sin = 8*2080620. 

(lii) L tan - 8-4834473. 

(3) Prove that, if n be the number of seconds in an angle 0 

7i tan 0 = log w 4- 4 6855740 4- ^ (L sec 0 - 10). 

114. ]n practical work it is always advisable to avoid 
as iiiucli as possible tliat part of a Table in which the differ- 
ences are insensible. For example, a slight error in the 
calculation of the sine of an angle nearly 90“ would entail a 
large error in the derived magnitude of the angle. This 
point is of such great practical importance that we have 
treated it at some length in the next chapter. 

115. The preceding articles afford exain[)les of an im- 
portant general principle which is of great use in higher 
mathematics. 

If a contin\ious function of a variable x increases as x 
approaches a certain value a, and begins to diminish directly 
X has passed the value a, then the ratio of the differences of 
the function to the corresponding small differences in the 
variable x will diminish and approach to zero as a lim^ 
when X approaches a. 

Thus, sin is a continuous function of 6 which incr 
as 0 approaches ^tt, and it begins to diminish directl\ 
passed through the value | it ; hence, as is jiroved in 
the ratio of sin 4- 8) - sin ^ to 8 tends to become ' 
as 0 approaches Jtt. 
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116. To sum up tlio Results of this Chapter. 

The Rule of Proportio lal Differences may he wavxl witli- 
oiit sensible error in the following cases ; 

T. For a Table of Common Logarithms giving tlie logs 
of all numbers from 10000 to 100000. 

II. For a Table of Trigonometrical Ratios calculated for 
intervals of one minute from O'’ to 90°. 

Except in the case of 

the tangent and secant of angles greater than 45”, 
tlie cotangent and cosecant of angles less than 45*’. 

I II. For a Table of the Tabular Logarithms of Ti igono- 
nietrical Ratios calculated for intervals of 10" from 0°to 90°. 

Except in the case of 

the L sines and L cosecs of angles less than 5”, 
the L cosine and L secants of angles greater than 85°, 
the L tans and L cotans of angles less than 5° and 
greater than 85°. 

117. The results of tliis Chapter may also be obtained 
without actual reference to the exjmnsions of sin 6 and cos 0 
in terms of 6j by the aid of the fact that the difference be 
tween sin 8 and 8 is less than J 8’; so that when 8 is less than 
1 degree, sin 8 and 8 differ by less than *0000008. 

The method of procedure is suggested in the following 

uple. 

mple. Prove that sin (^ + 5) - sin ^ - sin 5 cos ^ - 2 sin (9 sm^ 5 ; 
'V that as far as sewenplaces of decimals 8in(0 + 5) - sin ^ = 5 cos 6, 
sin (0 + 5)-sin^=sin8cos^-sm 0(1 -cos 5) 

= sin5cos0-2 sin 
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Now sin 5 differs from 5 by less than ^5^, and sin^^S differs from 
i 52 by less than this. Hence the possible error when we take 5 cos ^ 
for the right-hand side is less than that is, less than *0000001, 
since 5 is less than the circular measure of 1'. 


EXAMPLES. XXXIV. 


[In these examples S is the circular measure of any angle less than 

1 

(1) Prove that cos {0-8)- cos d = sin 5 sin ^ (1 - cot 0 tan J5) . 
Hence prove that as far as seven places of decimals 
coh (^ - 8) - coaO^d sin 6 


(2) Piovo that 

tan {0 + 8) - tan 0 = tan 5 scc*^ 0 ( ^ ^ 
' ' \1 - tanf? tanS/ 

Hence obtain the results of Arts. 103, 104. 


(3) Prove that cot (^ - 5) - cot 0 -8 cosec^^ approximately. 

(4) Provo that 

. - - tan 5 sin 0 {1 + tan iS cot 0) 

sec ((9-f 5) - seed , ^ 

' ’ coB-^d (1 - tan d tan 5) 

hence prove, except when d is small or nearly equal to Jtt, that 

sec (d + 5) - sec d = 5 sin d sec- d 


(5) Prove as in example (4) that 

cosec (d - 3) - cosec d = 5 cos d cosec- d. 
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CHAFTEK IX. 

Erroks in Practical Work. 

118. We have already [E. 217, 227] called the student’s 
attention to the approximate nature of all observed measure- 
ments. [See also the Author’s Arithmetic, Chap, viii.] 

Example. Let the student take any well-defined length, say 
of 6 or 7 inches, and attempt to ascertain its measure, say to the 
hundredth part of an inch ; and let him repeat the process at another 
time with different instruments. He will find that unless he makes 
his measurements with the utmost care, and unless his instruments 
are very accurately constructed, his two results will in all probability 
be different. 

Such an observation as the above even when made with the 
greatest care can only bo taken as correct to three significant figures. 
If the measurement has to be made correct to a thousandth part of 
an inch or to any higher degree of accuracy, the student will easily 
understand that it will be necessary to employ specially constructed 
instruments. The ordinary diagonal scale or vernier cannot be read 
with accuracy to the thousandth part of an inch. 

119. The student must carefully distinguish between 
mistakes and errors. By taking sufficient trouble a calcu- 
lation can always be made to attain any required degree of 
accuracy ; so that in what follows we are not concerned 
with mistakes or inaccuracies in calculation at all. 

120. An error may be defined as follows. 

Suppose an observation made and the result known to 
be accurate as far as a certain number of significant figures, 
according to the degree of approximation thought necessary 
or possible, under the circumstances. 
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The measure taken may possibly give the magnitude of 
the quantity with absolute accuraJjy, w(i cannot say whether 
it does or not. What we do kn'fcw is that the difference 
between the actual magnitude of the quantity and the as- 
sumed magnitude is less than a certai 7i quaiitity. This 
(juantity is the 'possible e^'roi' ; and it should be so small 
that it is either considered of no importance, or is beyond 
the limit of observation in the circumstances of the case. 

121. It is clearly not necessary to carry our calcu- 
lations to any higher degree of approximation than that 
represented by the assumed measure. 

122. In the practical application of Trigonometry to En- 
gineering and Land Surveying we are concerned with two 
different kinds of measurements. (1) The measurement of 
lines. (2) The measurement of angles. The measurement of 
a line of any length with anything like the accuracy of five 
or six significant figures is a very difficult and tedious opera- 
tion, and is but rarely performed. We know that by the 
methods of Trigonometry the known length of one line may 
be made the basis of the calculation of the lengths of all 
otlier lines in the survey of a country. 

123. The importance of an error in linear measure- 
ment is generally measured by the ratio of the error to the 
estimated length of the distance under consideration. 

Example. The problem of calculating the distance of the Sun’s 
centre from that of the earth is beset with such great practical 
difficulties, that astronomers are only able to say that it is about 92 
millions of miles. If we knew the distance to within a hundred thousand 
miles, that is, to within about a thousandth part of the distance, we 
should consider the distance to be known with wonderful accuracy. 
In a distance of this magnitude an error of a few thousands of miles 
is of no importance. 

The importance of an error in angular measurement 
depends in general simply on the magnitude of the error. 
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124. if the measure of any length is known accurately 
to seven figures it is pracfcically exact. In other words it 
is known to within the lihiits of observation. 

Example. A bas5e line on Salisbury Plain measured with extreme 
care for the purposes of the Ordnance Survey in England is about 
36578 feet in length, and the error is considered to be certainly less 
than 2 or 3 inches. That is, the error is loss than a hundred 
thousandth part of the whole, and the measurement has been made 
correct to six significant figures. 

The greatest accuracy possible in the measurement of 
angles is attained when the error is known to be not much 
greater than the tenth part of a second. The tenth part of 
a second is about the two millionth part of a radian. This 
degree of accuracy is only attainable under special condi- 
tions and with the largest and best instruments. 

125. It sometimes happens in the course of a calcula- 
tion that an error rises in importance in consequence of its 
being multiplied by a very large number. 

We may illustrate this by an example. 

The height h of a tower is ascertained by measuring a 
horizontal line a from its base and observing the angle of 
elevation 6 of the top of the tower from the end of that 
line. 

Then we obtain A = a tan 0. 

Now supposing that we are liable to an error not greater 
than 8 in the observed magnitude of 0 we require to know 
how this will affect the accuracy of the calculated height h. 

We know that the error in 0 does not exceed 8. Hence 
we know that the consequent error in h cannot exceed k 

where h-\-k~a tan + 8) 



PR A C TIC A. i WORK 


125 


Hence k ~ a {tan + S) - tan 0} 

~ aS sec* 6 neglecting squares and higher 
powers of 8. [Art. 103 ] 

ITcnco tlie ratio of the error k to the calculated height h is 

J 

sin 0 cos 0 sin 26 * 

126. The above result is very instructive. 

Suppose the measurements are made with tlie greatest 
possible care, so that 8 is beyond the limits of observation 
and may be neglected. 

Then we see that in general the importance of the 
possible ^ error’ in the calculated height, i.e. 28 coscc 2^ 
is, in general, comparable with 8, and is therefore very 
small. Also this error is least important when cosec 2^ is 
least, i.e. when 

There are two cases however wlien the error may become 
of sufhcient importance to render the result practically in- 
accurate. I. when 6 is small, TT. when 6 is nearly ^ ir. 

In tlie first case the error itself is not large, but it is 
large cornpay'ed with the height to he measured. 

In the second case the error itself is very large, and 
although the height to be measured is large conqiared with 
the base a, the importance of the erior is also large com- 
pared with 8. 

It is a difficulty of this latter kind which renders the estimated 
distance of the sun from the earth so untrustworthy. 

127. We have seen that the ratio of the difference in the 
sine of an angle to the difference in the angle is small when 
the angle is nearly ^tt. That is to say, to a small error in the 
sine would correspond a large error in the angle. 


L. II. T. 


9 
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Now, if the sine of an angle has been calculated from 
observations, and it is found that the value of the sine is 
nearly unity, we could not ’without risk of a large error use 
the value of the angle obtained from the Tables. For, our 
observations are known to he liable to errors (whose magnitude 
depends on the instruments used, etc.), and therefore the 
calculated value of the sine under consideration is liable 
to an error of the same kind. Consequently the calculated 
value of the angle would be liable to a much larger error. 
And this larger error would possibly affect all results in 
which the magnitude of the angle was used. 

Accordingly in practical work an observer would when 
possible arrange his measurements so as to avoid such a 
difficulty — in the working out of a problem — as the necessity 
for obtaining from the value of its sine, the magnitude of 
an angle nearly equal to a right angle. 

128. The method of Art. 125, which may bo applied 
generally, is of very great importance in practical ^vork; 
for an observer can often in this way discover beforehand 
whether any proposed arrangement of his measurements is 
defective and likely to give unreliable results. 

Thus ; if the measure of a distance or of any trigono- 
metrical function of an angle bo found by means of observed 
angles and distances, the result is expressed by some formula 
containing the Trigonometrical fiinctions of the observed 
angles. If a small error 8 be known or suspected in an 
observed angle Oy we can find the consequent error in the 
calculated distance by expanding this formula by the 
methods of the last chapter in ascending powers of 8. 
Then, 8 being so small as to be detected with difficulty, 8* 
and higher powers of 8 must be quite beyond the limits of 
observation. We can in this way estimate the importance 
of a small error in observation. 
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Example i. A vertical pole a feet^igh stands on the top of a cliff, 
and from a point on the shore the angles of elevation a and ^ of the 
top and bottom of this pole are obserNfed. The height of the cliff h is 
sin /3 cos a 


given by 


h = a- 


[E. Lxxii. (9).] 


' sin (a - * 

Now suppose an crior 5 to have occurred in the observed measure- 
ment of the angle a, required the consequent eiror h' in the calcAi- 
lated height of the cliff. 


We have, 


sin ^ cos (a + 3) 
sin (a - 4 - 3) 

a sm {cos a - 3 sin a - etc } 
~ sin (a - /3) 4- 3 cos (a - /3) - etc 
a sin ^ cos a {1-3 tan o} 
{1-3 cot (a 


sin (a - 
a sin /3 cos a 




neglecting 5- etc 


{1-5 tan a} {1 4- 5 cot (a - /3)}, 


there foie 


/i' = 3 


’ { cot (a - /3) - tan a | . 


am (a - /3) 

, a sm p cos a ^ 
sm (a - /3) 

Thus the latio of the error to the estimated height is 
3 {cot (a - /3) - tan a}. 

Example ii. The centre 0 of the circumscribing ciicle (radius R) 
of a triangle ABC found by measuring the angles CBO and BCOy 
each equal to {^tt - A) ; prove that, if the same small error 0 is made in 
the measurement of each of these angles, the consequent erior in the 
length of 0 A is 0 . R . cosec A cos fB-C). 

Let 0 be the centre. O' its observed position, then 
OA=R = OB = OG. 


Let 0'A = R- Xj so that the lequired error in OA is x ; then neglecting 

^etc. 


0'C = - 


2 sm (A -6) 2 sm A -20 008 A 2 sin A 


+ 0 


a cot A 
2 sm A 

=:R + R0 cot A ; 


also {R - *)-= O'C^ 4- 6- - 20' Gb cos OGA 

=zR^ + 2R^e cot A + h"^- 2Rb (1 + 0 cot A) sin (B - 0), 
- 2Rx = 2R-0 cot A + b-- R2b sin B 

- 2Rb0 (cot A sm B + cos^B) 
== 2R^0 cotA-0 4JR2 sin B sin (A 4 - B) cosec A ; 
x = i2dcosec^ { -cos-d +2 sin J5sin 
=:R0 coseo A cos (B - C). q. e . d . 


9—2 
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EXAMPLES. XXXV. 

(1) A triangle is solved from the given paits A, h, c , if there is 
a small erior 5 in the angle A prove that the consequent error in the 
calculated area of the triangle ABC ia apiiroximately 

Idbc cos A, 

(2) A triangle is solved from the given parts A, b, c , if there is a 
small error 8 radians in A, prove that the consequent error in B is 

- 5 sin B cos 0 cosec A radians. 

(3) The lengths of two sides of a triangle are known, and the in- 
cluded angle A is measuied ; iirovc that if there is a slight error a in 
the measurement of A, the corresponding error in the length of the 
perpendicular from A on BC will bo 

be cos B cos 0 

a. 

a 

(4) If the sides of a tiiangle be measured and a small error c' 
exist in the measured value of c, prove that the consequent error in 
the diameter of the circumscribing circle is 

c' cos A cos B 
sin A sin BsmC ’ 

(5) The height and distance of an inaccessible object aic found 
by observing the angles of elevation a and ^ at two points A and B 
in a horizontal line through the base of the object, the distance be- 
tween A and B being known ; if the same error be made in each in 
consequence of an imiierfect observation of the horizontal, show that 
the ratio of the error in the calculated height of the object to that 
in the calculated distance is 

tan(a + j3) : 1. 

(6) The area of a quadrilateral AOBQ right-angled at A and B 
is to be determined from observations of the angle AOBy and the 
lengths (a and b) of OA and OB, Prove that the area is 

\ {2ab - (a^ -b b^) cos d\ cosec 6, 

and that if a small error 5 be made in the observation of the angle 
AOB the consequent error in the area is 

JS . AB^ . cosec^ AOB. 
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. (7) It IS observed that the altitude of the top of a mountain ai 
each of the points All and C where ^BC is a horizontal triangle is a. 
Shew that the height of the mountairi is 

^ a tan a Gosec A. 

If there be a small eiror n" in the altitude at C the true height is 
very neaily 

a tan a ( ^ cos G s in n'' ) 

" ’ sin^ \ sin /I sin i> * 8in2aS 


(8) If 111 a triangle /I /> (7 the observed lengths of c are 5, 4, 0 
and there is known to bo a small error in the measurement of c, 
determine which angle can be found from the formula 



V ! S{s-a) \ 


with the gieatcst accuracy. fKesult. B ] 
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CHAPTER X 

Examples of the Application of TuigonoxMetky to 
Geometrical Problems. 

129. In tills chapter we shall use the following notation . 

A’, F are the feet of the perpendiculars drawn from 
the angular points A, A, C of the triangle ABC to the 
opposite sides. 

AZ>, A A, CF intersect in a point P which is called the 
orthocentre of the triangle ABC. 

DBF is called a pedal triangle of the triangle ABC. 

A' B'C are the middle points of the sides A(7, CA^ AB. 

AA! ^ BB\ CG' intersect in a point G, which is called the 
centre of gravity of the triangle ABC. 

/, /j, 7^, /g are the centres of the inscribed and escribed 
circles of the triangle ABC', r, 7'^ are their radii. 

[E. 276, 278.] 

0 is the centre of the circumscribing circle and R its 
radius. 

The circumscribing circle of the triangle DEF passes 
through A'B'G' and through the middle points of each of the 
lines 7M, PB^ PC. It is called the nine-points circle. We 
shall denote its centre by N. 

[Proofs of the propositions referred to above may be found in the 
appendix to Todhunter’s Euclid.] 



GEOMETRICAL ^iPPLICATION 


131 


Example. To prove that P, N, G and 0 are in one straight line, 
and that PG=:2G0 — 4NG, i c. that if is the point of bisection, and G 
a point of tnsection of PO. 



N IS the centre of a circle passing tlirough D and A'. Therefoie 
N lies in the line bisecting DA' at right angles. This line produced 
bisects OP. Again, the nine-points circle jiassos through E and B', 
therefore its centie N lies on the line bisecting EB' at right angles. 
This line produced also bisects OP. Therefore N is the middle point 
of OP. 


Again 

Ihit 


ccosd 

~cos PAE ~ bin C sin G ’ 
AP = 2R cos A. 

OA' — R cos B OA' — R cos > 1 , 

AP = 20A'. 


Hence if A A' cut PO m G, AG : GA' — PA : OA'—2 : 1 ; 

AG = 2GA' or G is the centre of Gravity. 

Also PG : GO — PA : 0d' = 2 : 1 q.e.d. 
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130. It IS often convenient, in attempting the solution of 
a geometrical problem, to express the lengths of lines involved 
each in terms of some coi/mion unit. When the problem 
is one concerning a triangle, the Radius of the Circum- 
scribing circle may be employed as the unit. Its con- 
venience is shewn by the symmetry of tlie following re- 
sults : 


EXAMPLES. XXXVI. 

Prove the following statements. 

(1) a = 27Jfein.t, b = 2R sin B, c = 2ivsmC. 

(2) s = R (sin A + sinB-\- sin C) = 472 cos jiA . cos hB . cos ^ C. 

(3) r =4i2sin . sin JP . sin JC. 

(4) ri = 4i2 sin ^A . cos . cos 10 

(5) ^Z) = 2B sinB . sin C 

(6) ri) = 2B cos B .cos C 

(7) AP=:2RcosA. 

(8) OA' = R cos A. 

(9) S = 2722 sin A sin B . sin C. 

(10) The radius of the ninc-points circle —^R 

(11) The sides of the triangle DEF are 72 sin 2.1, 72 sin 271, 
72 sin 20. 

(12) The area of DEF =^11- sin 2/1 . sm 2B . sm 20 

(13) Bd — \R (2cos7J &.ii 0 f sind). 

(14) dN=\R cos {B-0). 

(15) The distances of the centres of the csciibed ciicles Ironi that 
of the insciibed circles are 

472 sin \ A, 472 sin y>’, 472 sin \ 0. 

(16) AE' = R (sin B + sin O - sin ^), where E' is the point m which 
the inscribed circle touches A O. 
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Exam/plc To j^rovc tluit the nuic-pomts circle touches the inscribed 
circle, 

Wc shall piove that the distance hftween their centres is equal to 
the difference of their radii. 

Draw Iiy perpendicular to BG and Nil peipendicular to ITT. 



Then (see Figure on page 131) 

Nd = 4 {PD + OA') = 4 (2ii cos B cos C + cos ^ ) 

= 4 i2 cos {B - C ) , 

m^D'I-dN = r-lRcos{B-C) (I). 

Again Bd = h {BD + BA*) = 111 {2 cos B sin C + sin J), 
and Bjy =^s -b = R (sin A - sin B + sin C) [E, 280.] 

II N= I R (2 cos B sin C - sin ^ + 2 sin 21 - 2 sin C) 

= R jsin B - sin C - \ sm {B - C)} (II). 

Hence + (Ul)" - Rr cos (7>* - C) + R-{{sin B - sin C)’- 

- (sm B - sm C) sin (Z> - ( 7 )}. 

The last bracket is equal to 

222(mii 7; - sin C){2 cos ^ (B + C) sm 4 ( // - (/) ~ 2 sin A (71 - C) cos A (71 - C)} 
= 21- 4 cos 4 (21 + C) sin-A (21 - C) {cos 4 (B + C) - cos 4 (21 - C)] 

= - 821^ sin24 (21 - C) sm 4 J . sm 471 . sm \C ! Ex. xxxvi. (3).] 
== - 2 Rr 810^4 (21 - (7) = - Ur {1 - cos (21 - C)} , 
j^-2 ^^2 ^ (yj)2 -Rr=(r- IR)\ 

That is, (since the radius of the nine-points circle is ^R) the 
distance between the centres of the circles equals the difference of 
their radii, q.e.d. 
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EXAMPLES. XXXVII. 

Prove the following statements : 

(1) The radii of the circles circumscribing AKF^ BFD, CDF are 
respectively R cos A, R cos />’, R cos C. 

( 2 ) AI=iR8miB,8miC\ 

(3) AN^ = ^R- (3 + 2 cos 2A ~ 2 cos 2B - 2 cos 2C). 

(4) 0P = IP-21ii. =JZi2{l + 8cos/lBm/;sinC}. 

(5) OV=7J2 + 2Je)i. 

(6) OP'‘=It^ {l~8ooaA. coa J! . cob C) = 81P c”. 

(7) IP’ = HP (8 . BiiPili . aitP^C - cos A . cos Ji . cos 6'). 

(8) Tho area of the triangle 

IOP= - 2712 siu 4 (P - C) . sin 4 (<7 - ^ . sin i (/I - 7 (). 

(!)) I,N^=(iK + r,r. 


GEOMKTIUCAL APPLICATION, 135 

131. To prove that the ortlwcentre is the centre of the 
circle inscribed in the triangle DEF. 



The circle of which FC is diameter passes through E 
and 2). Therefore the angle EDO ^ EPG - the complement 
of FCE= A, 

Similarly FJJ7J - FPF - EPO - A. 

Therefore PEE = 90’’ - A - PDF, 

Therefore P is the centre of the circle inscribed in DEF. 

Similarly A^ 7j?, C are the centres of the escribed circles 
of the triangle DEF. 

EXAMPLES. XXXVni. 

Prove the following statements : 

(1) ABC IS the pedal triangle of the triangle Iil^Iy 

(2) The radius of the circle ciicumscribing I^IJ^ is 2ii 

(3) DEF is the pedal triangle of the triangles APB^ BPC, CPA. 

(4) The radius of the circumscribing circle of the triangle 
APB = R. 

(5) The circle circumscribing DEF touches the circle inscribed in 
ABP. 
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MISCELLANEOUS EXAMPLES. XXXIX. 

Prove the following statements: 

(1) If a new triangle is formed by joining the centres of the three 
escribed circles of a triangle ABC the distances of the centres of its 
escribed circles from the centre of its inscribed ciiclo are 

SR sin i (Z^ + C), SR sin i (C-\-A), SR sin i (d + B). 

(2) The areas of the triangles Zi/aA* ^2^3^’ ^^1^2 

another inversely as the ratio of r : 

(3) The radii of the escribed circles are the roots of the equation 

(x^ + s^) (x - r) = 4:Rx^. 

(4) P/1, BBf PC are the roots of the equation 

x^-2 (R 4 r) + {r^ - UP- + *-') ^ - 2JR { - (r 4 - 2Rf } ^ 0. 

(5) If jq, 2^0, 2I3, -p^ are the perpendiculars from ABC and P on 
the sides of the triangle DEFy then pj, p^y p^, p^ are the roots of the 
equation 

X* - 2Rx» + (^1’ - 2iJr' - t ^ r'2 = 0, 

where ?•' is the radius of the circle inscribed in the triangle DEF. 

(6) The area of the triangle formed by joining the points of con- 
tact of the inscribed circle is 

4P2 sin A . sin B . sin C . sin J A . sin ^ B . sin JC. 

(7) If the points of contact of each of the four circles touching 
the three sides of a triangle be joined, and the area of the triangle 
thus formed from the inscribed circle be subtracted from the sum of 
the areas of those formed from the escribed circles, the remainder will 
be double the area of the original tiianglc. 

(8) If R^y Rn, R^ are the radii of the circles BGCy CGA, AGB, 
then 

a2 1^02 _ (,2) ^ 12 (^2 _ ^^2) ^ c- (a2 ^ 

+ H,- - ■ 

(9) If X stand for AI, y for BI, z for 0/, then 

a^x^ 4- 6^^ 4* 4- (a 4- b 4- c)^ x’^yH^ = 2 { V^c^yH^ 4- c^u^z'^x^ 4- a^h'^x^y"^ } . 
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(10) If lines join the points of contact of each escribed circle of 
a triangle ABC with the produced si(&s and these lines form a new 
triangle, then the lines joining the -porresponding vertices of the 
triangle are peipendicular to the sides of the former triangle and are 
Gcpial to the radii of the escribed circles. 

(11) Given the circumscribed and inscribed circles of a triangle, 
prove that the centres of the escribed circles lie on a fixed circle. 

(12) The sum of the reciprocals of the perpendiculars of a tri- 
angle is equal to the sum of the leciprocala of the radii of the escribed 
circles. 

(18) If from a point P perpendiculars PP, PM, PN are drawn to 
the side of the triangle ABC, prove that twice the area of the triangle 
LMN= { P2 _ (po)2} sin A sin B sin C. 

(14) The centres of the escribed ciiclcs must lie without the cir- 
cumscribing circle, and cannot be equidistant from it unless the tri- 
angle is equilateral. 

(15) ? ni^ . 11^,11 ^ = TB '^ . IC 

(16) The area of the triangle Avhose angular points are the points 
of contact of the inscribed circle is to the area of the triangle ABC as 
r : 2P. 

(17) If DEF are the points of contact of the inscribed circle with 
the sides of the triangle ABCj then if AD^, BE'^, CF^ are in a . p ., 
a, b, c are in h. p. 

(18) From DEF perpendiculars are drawn to the adjacent sides 
of the triangle ABC ; prove that the feet of these six perpendiculars 
lie on a circle whose radius is 

R (cos2 A cob- B cos2 C -f sin^ A sin® B sin® G)-\ 

(19) If on one side BC of a triangle ABC a triangle A'BC is 
described without it such that the angles BA'C, CBA\ A' CB are equal 
to a^y respectively, then 

^ sin a = sin jS sin y (a® cot a + b® cot /3 + c® cot y + 4 A) . 

(20) If a triangle be cut out in paper and doubled over so that 
the crease passes through the centre of the circumscribing circle and 
one of the angles A, the area of the doubled portion is 

Jb® sin® C cos C coseo (2(7 — P) sec (C - B), 

C being greater than B. 
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(21) If two of the angular points and the radius of the circum- 
scribing circle of a triangle are given, the loci of the centre of the 
nine-point circle and of the ortj’'ocentre are circles. 

(22) Prove that a triangle can be constructed whose sides are 
a cos A , h cos B, c cos C and that its area is 

2A . cos A . cos B . cos C. 


(23) If jRj, Jig, are the radii of the circumscribed circles of 

BIG, GIAy AIB, prove that . Jia^ . .AI.BI. CL 

(24) If the two straight lines which bisect the angles A and C of 
a triangle ABG^ meet the circumference of the circumscribing circle 
in B and Sy then JiSf is divided by (7J1, BA into three parts which 
are in the ratio 


sin^ iA : 2 sin J A . sin J B . sin J C . sin^ J C, 

(25) If a point be taken in an equilateral triangle such that its 
distances fiom the angular points are proportional to the sides of a 
triangle ABC, the angles between these distances will bo 
J7r + ^, j7r + 7>’, Jtt + C 


(2C) 


tan JO Jj = ± 


2 (sin B - sm C) 
2 cos ^ - 1 
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CHAPTER Xa. 

On Anti parallels. 

132. It IS usual to use the abbreviations, circurricentre, 
incerdre, gravity centre etc. for the ceyitre of the circum- 
scribing circle^ etc. 

DEF. Let BAC be any angle and let .42) bo the 
bisector of the angle ; then the line Bfi-^ is said to be 
antiparallel to the line with respect to the angle A 
when Bfi^ and are equally inclined io AD and are 
not parallel. 


A 



When two antiparallels with respect to an angle pass 
through the angular point they are called Isogonal 
Conjugates. 
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EXAUfPLES. XL. 

(1) Lines which are anti^jfirallel to the same stiaight line with 
respect to the same angle are parallel to each other. 

(2) If BjCj , are antiparallels with respect to the angle BAG, 
prove that the angles which B^G^ makes with AB are equal to the 
angles which B^G^ makes with AG, 

(3) With the notation of Question (2), prove that a circle goes 
round B^^ C 2 , Oj, B.,, 

(4) Lilies which aie perpendicular to two antiparallels respec- 
tively are antiparallel to each other with respect to the same angle. 

(5) With the notation of Question (2), if A bisects BiG^ and 
AGo bisect B^G^y prove that AG^ is an antiparallel to ylGo with respect 
to the angle A. 

(6) If AXf AY are (isogonal conjugates 01 ) antiparallels with 
respect to BAG and A7)\, ACj, YBo, YGo aie drawn perpendicular to 
AB and AC respectively, prove ( 1 ) that XB ^ . YBo = XG^ . YG.^, ( 11 ) that 
the points B^B^GiG^ are concyclic, ( 111 ) that B^G^ is peipendicular 
to AF. 

(7) Prove that the tangent at A to the circumcircle of a triangle 
ABC is antiparallel to the side BG with respect to A. 

(8) The lines j*oining the feet of the perpendiculars of a triangle 
are antiparallel to the sides with respect to the opposite angles respec- 
tively. 


Anticentres. 

133. PROP. If a 'point O he taken in the of a 

triangle ABC and OA, OB, OC are drawn^ then the anti- 
parallels to OA, OB, 00 passing through A, B, C respec- 
tively^ with respect to the a'ngles A, B, C respectively 'meet in 
a point 

Or. If three lines drawn from the angular points A, B, 
Q of a triangle meet in a pointy their isogonal conjugates 
'with respect to A, B, C respectively also meet in a point. 
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Let AO* be tlie antiparallel through A of AO witli 
respect to A. 

And let O' be any point in jfO'. 

Draw OD^ OE^ OF^ 0'D\ 0'E\ O'F' perpendiculars to 
BC^ GAj AB^ BG^ GA and AB respectively. 

Then a circle goes round FOE A, and round F'O'E'A , 
therefore FOE = 180“ - ^1 ^ F'O'E' 

Also 0EF—0AF~0'AE' [because O' A is the anti- 
parallel of 0A'\ - O' F'E^ 

therefore the triangles FOE and E' O F' are similar 

So that OE . O' E' — OF . O' F’ 

A A 




Again if BO' be the anti parallel through B of BO with 
respect to 7i, we may prove that 

OF . O'F --^OD . O' U. 

Therefore OB .O'U ~OE. O'E'. 

And the angle D'O'E' == DOE. 

Therefore the triangles B'O'E' and FOB arc siinilai 

Therefore the angle 

0GB = OEB ^ O'B'E' ~ O'GB'. 

That is, O'G is an antiparallel oi OG with respect to 
which proves the proposition. 

134. DEF. The point O' is called the Anticentre of 0 
with respect to the triangle ABO, 

L. H. T. 


10 
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EXAMPLES. XLI. 

(1) The bisectors, drawn from the angular points, of the anti- 
parallels to the sides of a triangle, with respect to the opj^osite angles 
respectively, meet in a point. This point is called the Cosine Centre. 

(2) The perpendiculais, drawn from the angular points, to the 
antiparallels to the sides of a triangle with lespect to the opposite 
angles respectively, meet in a point. 

(3) Show that the circuniccntre is the anticentre of the oitho- 
centre 

(4) Shew that the point in Question (1) is the anticentre of the 
gravity centre. 

(5) Prove that the Incentre is its own anticciitie 

(6) If the isogonal conjugates AO^ AO' meet the side BC in M 
and N and the circumcircle in 31 'N'^ then the rectangles AJJ AC, 
A 31 .AN', A 31'. AN are equal 

135. PROP. 7/ J), E, E, 1)', K, F' are Z/fe/crio/l/ie 
2)erj)e7idicidar8 on the sides of the t'nmigle f'om any 

point O and its ayiticentre O' yaith 7'espect to ARC, then 
D, E, F, D', E' , F' are on the circunifereyice of a circle 
whose centre bisects 00'. 


A 
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Let 2^ be the middle point qf 00'. 

Then - TD'- TO- + OD . O'JJ' j 

- TO- -H (fE . O'K' [Art. 13:^] 

TE- 

^TO'^ + OE. O'E' 

-- TF- 

EXAMPLES. XLII. 

(1) Piove that the centie of the nine-points circle bisects the line 
joining the orthocentre and the circumcentre. 

(2) If in the figure of Ait 135, E be the point iii J>C such that 
the angles OPB, O' PC are equal, then OP +0'P—2T1). 

(3) With the construction of (2), inove that if Q be the point in 
AC such that OQC = 0'QA, then the angles COP, COQ are equal. 

(4) 0, O' are foci of an ellipse inscribed in the triangle ABC. 

136. In a triangle ABC there are three systems of 
aiitiparallels which arise from the sides and angles; 

for there is a system of aiitiparallels to each of the three 
sides with respect to the opposite angle. 

The antiparallels to EC with respect to A are parallel 
to the tangent to the circum circle at A. 

Hence the above three systems of antiparallels are the 
systems of perpendiculars to OA^ OE, 00 respectively, 
where O is the circumcentre. 

t Draw Od' parallel to W' cutting O'D' in d', 
draw Td perpendicular to 1)1)'. 

Then TD2 = Td^ -f = TdP- + i DD'2 

= i(0D + 0'2y)2 + |{00'2- O'd'-] 
i(0D + O'D'Y A-OT^-i (O'D' - OD)^ 
^^O'P^A’OD .O'D'. 
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The Cq-^ine Circle. 

137. PROP. 2^he hisectorsj drawn fiotn the angular 
jjomts of a triangle^ of the antiparallels to the sides with 
respect to the opjwsite angles^ meet in a point. 

[This follows at once from the proposition of Art. 133, 
but we give an independent investigation ] 


A 



Take ajiy point K and draw through A", EKF\ FKD\ 
DKE' antiparallels to AC, CA, AB with respect to -d, A, C 
respectively. 

Then since EKF' is antiparallel to BO with respect to 
A, therefore the angle KF' A - C. 

Similarly, since FU is antiparallel to yl C with respect 
to A, therefore the angle KFB — C. 

Therefore KF^F KFF' FK=: F^ K. 

Similarly DK^UK, and EK^WK. 
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Now, let K be the point o^ intersection of the bisectors 
through B and <7, of the series of antiparallels to AC, AB. 

Then KD’ =KF=KF' an^ KT) = KE'^-KE, 
hut KD ~ KB' , therefore KE = KF' , 

That is, AK is the bisector of the antiparallels to BO 
with respect to yl. Q. e. d. 

138. The circle with centre K and radius KE passes 
through E, E', F, F', B, B\ 

This circle is called the Cosine Circle. 

The point K is called the Cosine Centre. 

139. Let p be the radius of the cosine circle, then 

BB' - 2p cos KBB' = 2p cos A, 

EE' ^ 2p cos B, 

FF' =2pcosC. 

Hence the name, cosine circle. 

140. Let the perpendiculars from K on the side he 
indicated by or, y, z, then 

x = p sin A, y — p sin B, z = p sin 0; 

■ ■ ■ 27r ■ 2/?’ 

Now flja + yh + ;:;c = 2 area of triangle ABC 2A ; 

2A _ cca + + 2 ;c _ p ^ p x 

* ’ a- 4 - a“ 4- T)'^ 4 - c“ 2R ’ + c“ 2R a ' 

Now 

4- K + _ 2bc cos A 4- 2ca cos B + 2ab cos C 

4 A 4 A 

= cot A 4 - cot B 4- cot C ; 

- A - ~ rr cot A 4- cot B 4- cot G. 

2x 2y 2z 
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EXAMPLES. XLIII. 

(1) Piove that passes tJ?rough Kf^ the intersection of tangents 
7i, G to the circumcircle. 

(2) If the tangents to the circumcircle at BC of a triangle inter- 

'^ect at prove that the angles and GAI aie equal. 

(3) Prove that BK^^ is antiparallel to BC with respect to A. 

(4) Prove that the line drawn through parallel to the tangent 
at A to the circumcircle to cut the sides AB, AC produced, is bisected 
at 7i„. 

(5) AK divides the parallels to the sides J>C in the ratio c’ : h~. 

(G) AK bisects the lino joining the feet of the perpendiculars 

fioin BC on the opposite sides of the triangle ABC. 

(7) If T, y, z be the perpendiculars from K on the sides of the 

triangle, then - = ^ 

a 0 c + 

(8) The sum of the squares of the distanci's of any point Q from 
the sides is a minimum, when Q is at K. 

4R 

(9) Provo that — = cot ^ + cot B + cot C. 

P 

The Ex-Cosine Circles 

141. Let the tangents to the circumcircle at J, 7>, C 
intersect in the points 

Kij Kc are called tlie Ex-Cosine Centres. 

Through Kf^ draw parallel to . 

Then is antiparallel to AC, tlierefore 

Hence ^ A"„(7j similarly ; 

i>ut ~ K^B ; therefore . 

Hence the circle whose centre is and radius 7i^C, 
passes through , G, B, A\ . 

Now A",C and K^B are antiparallels with respect to G 
and B respectively of AB and AG, and may he said to 
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bisect the portions into wliicJuthe line K^^G is divided by 
the lines yl6', BC. 



Hence the circle centre which passes through C, 
B, is called an Ex^Oosine Circle. [8ee Ex. (5) below.] 
Note. AK produced bisects and therefore passes 
through 

EXAMPLES. XLIV. 


(1) Prove that the perpendiculars from Kf^ on the sides 

BC, CA, AB of the triangle ABC are as a :b :c 

(2) Provo that ^ = ^4—.. • 

(3) 2^ = «‘’*^- 

(4) If p^^ be an ex-cosme radius, then 

_ 

(5) Prove that I\B : BC : (7Ei = cos C : cos J : cos jB, 
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The Le^ioine Circle. 

142. PROP. The 2 )arallels to the sides of a triangle 
ABC dratmi through the cosine centre K, cut the sides in six 
points which lie on the circumference of a circle called the 

Lemoine Circle. 

Let tlie parallels to the .sides through K cut the sides 
in tlie points EF\ FD\ Let 0 be the circunicentre. 


A 



Bisect OK in L and let AK^ FFA intersect in //^. 

Then FKE'A is a parallelogram, and FE' and AK 
bisect each other in . 

Therefore FE' is antiparallel to BC with respect to A, 
and is therefore perpendicular to OA. [Art. 136.] 

But Lila is parallel to OA and therefore perpendicular 
to FE' , Also Llla is ^OA = 

And FE' is half the line through K parallel to FE' 

That is, FE' = p. 

Therefore LF^ = LHf + FHf p"). 

Similarly the squares on LE'^ LE^ LD' , LD, LF' may 
each be proved equal to p^)> 

Therefore the six points D, E, A, D', Ff F' lie on a 
circle, the square on whose diameter is {11^ -f p^). q, e. d. 
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143. Draw KX, KY^ perpendiculars to BC, CA, 
dB respectively, then cc = BO sin O, z ~ E ' A sin A ; 

EC : E'A - X sin A : z si?i C — a^ : c^. [Art. 1 10.] 
Again, the triangle EIRE' is similar to ABC 
Therefore EEl' : KE' — sin B : sin C, 

Sin A sin C x sin A 
[since KE' sin A=y^ and EIC sin C=x'[ 

EE : EJC = 2 /sin B : asin A - h'^ • 

Hence CE : EhY : EA - : cl 

144. From Art. 143 

KE^ • CE -f EE + EA = h'^ • a'^-hb^ + c% 

R 

EE’ . 

a- + 6“ + c“ 

Hence BE : EE' : FF' = : cl 

Hence the Lemoine Circle lias been called by Mr '^Fucker 
the Triplicate Ratio Circle, 


EXAMPLES. XLV. 


(1) Prove that, in the figure of Art. 142, ABC can be divided 
into nine triangles each similar to ABC, by joining I)K\ KB'', FD', 
J)K', FE', ED'. 

(2) Prove that DD' • x = a : the perpendicular from A on BC 


( 3 ) 


DD' = 


b sin G~ 


_P_ 

abc ' 


(4) Let EF and B:'F, FD and F'D', DE and D'E', intersect 
respectively in p, q, r; iirove that the triangles EpE', FpB'' are 
similar. Hence shew that the perpendiculars from any point on Ap 
to the sides AB, AC respectively are in the ratio EE' • B'F' = b'^ . c^. 

(5) Deduce from Question (4) that Ap, Bq, Cr meet in a point. 

(6) The intersection P of El'' and E'F is the pole of Ap with 
respect to Lemoine’s circle ; hence prove (7). 

(7) If P, Qy R be the points of intersection of EF' and E'F, F'D' 
and FD, DE' and D'Bl, then P, Q, R are collmear. 
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TRIGO^OMETRY. 
Tuckejc’s Circles. 


144. Ill the figure of 142 let T divide OK so that 
OT • TK^-\ • X 
Also take in AK so that 

A//„ : : X. 


A 



Then ^//a is parallel to OA, 

Through 7/^ draw FH^^K' antiparallel to BO ] 
then A 77 bisects FE' in 

Also, OA, and therefore also is perpendicular to 

FE\ 

Again 77/„ : OA^KII^ : KA : I 4 -X; 

And 77/,, ^ p ; [as in Art. 142] 

TF ^ = TIi :- + FIQ = (y^)' + P^) 

_ similarly. 
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Now with a similar construction, in KJJ^ KC take 7/^,, 77^ 
and draw the antiparallels F'J), D'E. 

Then we can prove as befor? that 

TF''^ = (f^x)' ' 

Therefore the six points 7), TJ, 7’^^, 7)', T' , F' he on a 
circle centre the square on its radius being 

(i4x)’ 

A circle thus described is called a Tucker’s Circle. 

145. Now (complete the parallelograms 
FAE\ F'BD, UiJE. 

Then since FE* is bisected in therefore the 

diameter of the parallelogram FAE\ passes ‘through 77^^ and 
also through K ; also 

AA\, : yl/r-2 : l + X-7^7i:^ : BK=CK, : (777, 

E^J\i is parallel to AB and EVK^^Kl,D is a straight 
line Similarly F' Ki^KcE^ W are straigJit lines 

EXAMPLES. XLVI. 

(1) In the figure of Art 144, prove that the triangles DEE, D'E'F' 
are each similar to ABC. 

(2) Prove the following construction for drawing a Tucker’s circle. 
Draw KA, KB, KG, in KA take any point K^\ thiough Kf^ draw 
lines parallel to AB, AC cutting KB, KC in A'j, and K^. 

Join Kj,K^; then the point where the lines KiK^, KJI^ cut 

the sides are points on a Tucker’s circle. 

(3) The circumcentre of the hexagon DD'EE'FF^ bisects the 
distance between the ciicumcentres of the triangles ABC, K^K^K^ 

(4) Lemoine’s circle is the Tucker’s circle in which X is unity. 

(5) Prove that in the figure for Tucker’s circle DF* — FK — ED'. 



152 
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The BRorAUD Points. 

146. PKOP. To find foint O within a triangle ABC^ 
such that the angles QBC f2CA “ OAB - o) 




Since 

YlBC=:QGA, 7;n(7=180"~oa//~nC'^=180” ~(7. 

Similarly CQ,A = 180** - A and AOB~ 180“ - B 


^ An b , An 

Hence = , and 

sin A sin {7s • 


sin (0 
sin (B - w) 
sin it) 


sin 71 


- it)) sin 71 * 
sin® B 


c * sin A sin (J sin A ’ 

X j. 1) (A + C) ^ . .. 

. . cot it) — cot 71 ~ ' ~ cot A 4* cot C ; 

sin C sin A 

cot it) — cot A + cot B + cot C. 


Again, if the angles nVB n'7JA = n'AC= o' avo shall 
obtain the same equation to find o' so that o) - o)'. 

O' is, in fact, the anticentre of O with respect to ABO. 


147. The points O and O' are called the Brocard Points, 
and the angle o, the Brocard angle, of the triangle ABC. 

Milne’s construction for O, O' is 

On BCj CA, AB describe circles touching (7A, AB, BC 
respectively ; these intersect in O 

On 71(7, GA, AB describe circles touching AB, BG, GA 
respectively ; these circles intersect in O. 



THE BROCAItD POINTS. 


153 


148. Let OX, OF, QZ be perpendiculars on the sides, 
then it will be seen that YXZ= By XZY ~ A and ZYX = (7, 
so that the triangle XYZ is similar to ABC. 

Also, O is a Broeard point of XYZ and o) is the Brocard 
angle. Also since OX = OZ? sin <u, we have 

YZ = CA sin w, ZX — AB sin a> and X F- BC sin a> , 
therefore the radius of the circuincircle of XYZ= li sin a>. 


Similar remarks apply to a triangle X'Y' Z’ formed by 
drawing perpendiculars to the sides from O'. 

But by Art. 135 a circle goes round XYZXY'Z\ and 
(its radius)^ — \ OO'^ + OA^. O' A"'. 

c oi 

Now i}X - OB sin w ^-2Bsin^o), 
sin B 

^ • ^>sin2<,> 

and O A = O C sin w — — ; — , 

sin C 

.* OX.O'X'” . ^ sin^w- 4 Arsin'* o) ; 

sin B sin (7 

. . A' sin^ o) = |00'- -f OA" . O'X' = j OO'^ + sin" w ; 

OO'^ — 4 sin^ a> { 1 — 4 sin- o)}. 

EXAMPLES. XLVII. 

(1) The circumciiclc of the triangle ADB touches BC in B. 

(2) Let the perpendiculars to BA through A and to AG through 
the mid-point of AC meet in L ; let the perpendiculars to CB^ through 
B and to BA through the mid-point of BA meet in 31 ; let the perpen- 
diculais to AC through C and to CB through the mid-point of CB 
meet in N] then the circles, centres L, 3/, N and radii LA, 3IB, NC, 
intersect in 12. 


(3) If X, ?/, z are the perpendiculars from the cosine centre on 
the sides of the triangle ABC, prove that x/a=y/& = 2 :/c = 4tana». 


( 4 ) 

(5) 
(C) 


. Bin A sin B sin C 

tan a>= - — — , 

1-1- cos cosjBcosC 

In an equilateral triangle O and 12^ are coincident. 
In a right-angled triangle tan w=:sin/l sinjB. 
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The BiiogAKD Circle. 

149. Take 0 the circumcentre and K the cosine-centre 
of the triangle ABC \ the circle described upon OK as 
diameter is called the Brocard Circle of the triangle. 


A 



Through K diavv EKF\ FKD\ JJKF' parallels to the 
sides and through Odraw XOA\ YOB\ ZOO perpendiculars 
to the sides respectively. Then KA'O^ KB’O^ KC'O are 
right angles, and A \ B\ C’ are points on the Brocard circle. 

I. The angle B'C’A' ~ B'OA\ wliich is equal to C] for 
XO and OB'a.vG perpendicular to BO and OA respectively. 

Similarly A'B'C'=^B and B'A'C'^A. 

Therefore the triangle A' B'C is similar to ABC. 

II. Join BA' and AC' and let them intersect in 12. 

Then since A' X = the perpendicular from K on BC., 

A'X—x = p sin A and BX~la, 

AX 2p sin A 2p sin B BY CX 
"~BX~ a " I ~YC~ZA' 
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That is, tan tan tan therefor? 

the angles A'BX, B'GY, G'AZ SivQ equal. Also 

OA'O- 180° -BA’X^ 180°^Oi?'7-- 180° -127/0. 

That is, the intersection of BA' and GB' is on the 
Brocard circle. 

Similarly AG' also cuts BA' on the Brocard circle. 

Hence AG'^ BA'^ GB' are concurrent on the Brocard 
circle ; and, since the angles A' BX^ B'G F, G' A Z are equal 
their point of concurrence, Q, is a Brocard point of the 
triangle ABG. 

Similarly AB'^ BG'^ GA' are concurrent and meet on 
the Brocard circle at the oth(;r Brocard point 

III. Lemoine’s circle goes round DiyEE'E'E'\ and 
its centre bisects 07i, therefore 

KE^FA', KF^IYB' and KE'-^DG'. 

And KE' EA , FAC'D is a parallelogram. 

Therefore FD is parallel to AH. 

Tins gives a construction for finding the Brocard angle. 


DD' 

sin 

DFD' 

^iiiG'AG 

sin i^A — to) 

FD 

sin 

FD'D 

sin G 

sin G 

F'D 

sin 

DFF' 

sin HAB 

sin to 

FD 

sin 

DF'A 

%mDF'B “ 

siiiG * 


DD' 

: F'D 

- sin {A — to) 

. sill to ; 


.'. the sides of Lemoine^s hexagon are as 
sin (^ — w) : sin w : sin (7/ — a>) : sin w : sin (G — w) : sin w. 

R 

Note. — = cot A + cot B + cot G = cot w; [Art. 1 40] 

p ~ R tan (1). 

For further information on Modern Geometry the student should 
consult Sequel to Euclid by the late Professor Casey of Dublin. 
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EXAMPLfIS. XLVIII. 

Prove that and Gil' intersect in 
Prove that OK^ = B} - '6p-\ 

p ~ BS a b c abc 
I _ 4 4 4 

^2 + ^3 - ;?! + 63 + c3 ■ 

If AKy BKj GK produced cut the sides in DEF^ prove that 

(i) area of DEF : A = 2a^b^c^ : (6^ + c-) (c^ + a^) {a^ + b^). 
ohr 

(ii) + 

2hr 

(iii) 4^iir»=^-^^(262 + 2c»-a»). 

(iv) BD : CD = 0 ^ bK 

(6) Lemoine Radius = sec w. 

(7) In a right-angled triangle the diameter of the cosine circle is 
the perpendicular from the right angle on the hypotenuse. 

(8) The perpendicular from K on BG divides it in the ratio 

a2-62+3c2 : «2+3jF,2_c2. 

(y) The cosine circle cuts BG in the ratio cot B : cot G : cot A. 

(10) u) is never greater than 30®. 

(11) In the ag. of Art. 142, DF'=FE'=JiD'=-r^f^—„ 

' ' ® ’ a- + b^ + c-‘ 


( 1 ) 

( 2 ) 

< 3 ) 

(4) 

(5) 


(12) The perimeter of Lemoine’s hexagon 


and its area is A 


a* + b^ + c* + b^c^ -f -I- 
(a2 + b^ + c*)2 


+ b^ + + 3abc 

a--f c- 


(13) In an equilateral triangle, the incircle coincides with the 
nine-points circle, Lemoine’s circle with the cosine circle, the escribed 
centres with the excosine centres ; 

72=27*=|rj=/^3p=^/^3|)^=-^ ^3a , w = 30®. 

(14) If (7=90°, p = asinB, PaPt,=R^, • 

(16) Ft) is parallel to A£i ; O, K are the Brocard points of DEF ; 
O'jfiT are the Brocard points of D'E'F', [Fig. Page 164.] 
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CHAPTER XJ 

On the Use of Subsidiary Angles to facilitate 
Numerical Calculation. 

150. In the Elementary Trigonometry, Aib. 185, we 
have shewn how the Tables may be made use of in the 
solution of Simple Trigonometrical E([uatious. 

It is usual to sheAV how the Tables may bo made use of 
to facilitate the calculation of the roots of quadratic and 
cubic equations. 

Tlie solution of such equations is however x’arely required 
in practical work, so that the method is not of much practical 
importance. 

151. To obtain the numerical values of the roots of a 

quadratic equation. 

I. Let the e(piatioii be + (7^0, where and q 

are positive. 

Solving, we obtain 

First, let q be less than j)^ j then we can find from the 

Tables an angle a such that sin*a= . 

^ 2 ) 

Whence we obtain 

x=p{\ ifc cos a}. 


L, H. T, 


11 
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Secondly, let q be greater than ; then we can find 

from the Tables an angle o such that sec^^ a = ^ , then 

P 

X -p |1 ± v^( — l) tan a}. 

II. Let the equation be +q^0. Then the roots 

of this equation are equal to those in Case I. with the signs 
changed. 

III. Let the equation be iif — ^Ipx - ^ 0. 

Solving, we obtain 

We can find from the Tables an angle a such that 


tail" tt ^ , 

P 

and then a; = ^ { I sec a}. 

IV. The roots of a** + 2/>.r - ^ - 0 are equal to those of 
Case III. with the sign clianged. 

Example, Calculate the luilue of the roots of the equation 
a;2-3-4G51,x- 7-0812 = 0. 


Solving, 


,S'4051 


x = 


Hence, tan-a = 


4x7 6842 


V( 

^ / 30 7308 

; •• ( 3 . 4651 ) 2 ^ 


4 X 7;08^\ ) 

(sWirvs • 


(3 4051)2 

Z. tan a = 4 log 30-7308 -log 3-4651 4 10 
= 10 2041135 
= L tan 57® 59' 39", 


.t = 1-73255{1 ±100001}. 

152. The student will observe that this method is the 

same as that of adapting the expression 

to Logarithmic calculation by means of the Trigonometrical 
Tables. 
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EXAMPLES^ XLIX. 

Solve the equations : 

(i) ^3 4-3*416 j;-8-794=:=0. 

(ii) 7.941^ + 2-7001 = 0. 

153. To obtain the numerical value of the roots of a 

cubic equation. 

Let the equation be 

4 - Zpx* f 'dqx + r 0. 

Write y — 2^ the equation becomes 

y’ - 3 (;/ - q) y + (2y’ - Zyq + r) 0. 

TJierefore any cuV)ic equation can be transforiued into 
another in whieli the second term is wanting. 

Hence we may tahe as our standard equation 
03^ — *6ax +6^-0 


To solve this, wiite >/y for .r, thus 
n'y - Zany -f 6 -- 0, 


But, if tt be any angle, we have (K. 167) 

COS‘^ a - I cos a — \ 3a 0. 

Hence, if we find a such that 

cos 3a - — —7 , wliile n 2 

then cos a is one of the roots of tlie equation; 

Also since cos (2ri7r± 3a) cos 3a, the otlier two values 
of y are cos (|7r -f a) and cos(-|7r — a). 

But a; - 7iy, Therefore the required roots are 
2 (a)^ cos a, 2 (a)‘^ cos (| tt -f a), 2 (a)^ cos (| tt — a). 

3tt can be found provided iba ^ is less than unity, i,e, 
provided 6“ is less than 4a®. 

11—2 
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HXAMMiES. L. 

(1) Solve the following equations : 

(i) - 3.r + 1 = 0. 

(ii) = 

{iii) x^-Sx^ + S^O. 

(iv) + 42x-f 44=0, 

(V) ^3 - ‘6^Cd)x^ - 3.C + V(3) = 0. 

(2) Solve the equations . 

(i) :c3- 439a; -101 = 0. 

(ii) a;3 - 1705 la; - 371402 = 0. 

(ill) 100hr3 - 18472a; - 7941 = 0. 

(3) Adapt the following expressions to logarithmic computation : 

(i) a Mk 5. (ii) a cos ^ ± 5 sin 0. 

(iii) sin A + sm B + am G ~ sin (/( -f* il -f 6’). 

(iv) 1 + cos {26 - 2m6) - cos {26 - 2a) - cos {2m6 - 2a). 

(v) a cos A + h cos B + c cos C, wlieie J , B, 0 aie the angles of 
a triangle. 

(4) If ke be one of the roots of the equation x'^ -{• Sqx + r = 0 
prove that 3g = - /c* (1 + 2 cos 26) and r = 2k^ cos 6. 

(5) Prove that in the cubic equation 

a;3 -f Sh^x + g = 0, 
if two roots are imaginary, the real root is 

2h sinh a where sinh 3a = - ^gh-'K 

(6) By considering the equation a;*+ 1 = 0, prove that, 

cos36« = i(^/5 + l). 
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154. We shall conclude this chapter with some ex- 
amples of Elimination. 


Example i. FMminate $ from the pquations 
acoH0 + bBmd=c^ 
a' cos ^ + 6' sin ^ = c\ 


Solving these equations, we obtain 


cos $ : 


Vc-hc* 

' ah*-- a!h* 


8in^ = 


c/a - ca! 
ah' - a'b ' 


But cos- d + sin*^=l. 

Therefore (h*c - hc’Y + - ca*Y = - fi'hy^* 

This is the required result of elimination. 


Example ii. Prove tJuit the result of eliminating 6 from the 
equations 

xcoBd-yBind^ a cos 2^, 
a; sin ^ + y cos 2a sin 2^, 

is (a? + y)^-f (a?-y)^ = 2al^. 

Solving these equations for x and y, we obtain 

x = a cos 2$ coB$ + 2a sin 2$ sin 0 
=ya cos^ 0+ 3a &m^0 cos 0^ 
y~2a sin 20 cos ^ - a cos 20 sin 0 
- 3a cos* 0 sin ^ + a sin® 0 ; 
x + y = a (cos 0 + sin 
x-y — a (cos 0 - sin 0 )"^ ; 

(a;4-y)"^^ = a^ {1 + 2C0S ^sin^}, 

(x - = a* {1-2 cos 0 sin 0} . 

Whence, by addition, we have 

{x + y)^ + (x-y)^~2ai. 
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£XAMj»LES. LI. 


(1) Given that -^cos 0 = ^, cos 0-\- 7., cos <p, 
' ' a- 


and 

prove that 
(•‘ 2 ) 


(•’ 1 ) 

( 4 ) 

( 5 ) 

( 6 ) 

( 7 ) 

( 8 ) 

( 9 ) 

( 10 ) 


« y 

sin (^ + 0) sm {6 - <j>) sm 20 ’ 
sin 6 __Jy^ 
sin <p~ a- ‘ 

Eliminate ^fiom the equations 

:r = 2a cos ^ cos 2^ ~ rf cos 
y =21) cos 6 sm 26-1 sin 0, 

Eliminate a and p from the equations 

x=(a sin- a + 5 cos^ a) cos^ ^ + c sin- /i, 
y = a cos^ a + b sin- a, z = {b — a) sin a cos a cos p. 
Eliminate 6 from the equations 

£c4-a = a (2cos^ -cos 2^), y = a (2 sin sin 20). 
Eliminate 0 from the equations 

b cos* 0 + a sin* 0 = 0, b cos* (0-h<p) + a sm - (0 4- 0) =0. 
Eliminate 0 from the equations 

x = a (cos 0-1- cos 20), 
y = b (sin 0 4- sin 20) 

Eliminate 0 from the equations 

(a -f b) tan (0 - 0) = (a — h) tan (0 + 0) , 
a cos 204-6 cos 20 = c’. 

Eliminate 0 and 0 from the equations 

ax by 


^ = a* — 6*, 

cos 0 sin 0 




cos 0 Bin 0 

^ 0 = 

Eliminate 0 from the equations 

cos* 0 _ sin* 0 __ 

cos (a - 3^ sin (a - 30) ~ 
Eliminate a from the equations 

sin 0 _ cos 0 _ 1 

2/3 sin 2a ^ 1 4- 2/3^osl^ 4- ’ 

/S = tan J (7r4-20). 


shewing that 
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MISCELLANEOUS SAMPLES. LII. 

(1) If acoa (^ + <^) + 6 COS (^-0) + c = O, 

a COG ((p + \f/) + b C09^(p - 1 ^) + c = 0 , 
a cos {\p + d) -hb cos {xp ~ 0} +c = 0, 

then a^-b^ + 2bc = 0 or cos- 0 = cos^ cp = cos^ \p — ^ • 

( 2 ) Prove that when 

cos3 (a + ^) + co 8 =^ {(S + 0) + cos^ {y + 0) - 3 cos (a + 0) cos (/? + 0) cos (y + 0) 
vanishes for all values of 0y then either 

sin (/3 - 7 ) = sin (7 - a) = sin (a - /J) = 0, 
or cos (^ - 7 ) = COB (7 - a) ~ cos (a - /5) = - ^ 


(3) Pi ove that the equations 

/ . y 

0 ? + - 1 sin a = 

\ xj z 


cos- a, 

2 y 


1 \ . 2 

- - ) Bin a = 

y) ^ 


+ + COS- a, 

z 


{ z+ ] sin a - - + + COS- a, 

\ ^/ y ^ 

aie not independent; and that they are equivalent to 
111 

+ w + z — - + - + - = -sina, 

^ y z 

(4) If a and (3 arc the two values of sin 0 satisfying the equation 
a cos 20 + b sill 2 ^ = c 

piovethat a- + /3* = ^ ^ . 


(5) If sin {0 f a) ~ sin (<^ + a) = sin ^ and 

a sin {d + (p)3-b sin (0 - (p) = c, 
then either a sin (2a 2/3) — -c or a sin 2a ± b sin 2^-c. 

( 6 ) Eliminate 0 fiom the equations 

4 (cos a cos 0 + cos <p) (cos a f>in 0 + sin <p) 

= 4 (cos a cos 0 + cos xp) (cos a sin 0 + sin \p) 

~ (cos y> - cos xp) (sin - sin xp) , 
proving that cos(</) - p) = l or cos 2 a. 

(7) If a: = 2cos(/3-7) + cos(^ + a) + c08 (^-a) 

= 2 cos (7 - a) 4 - cos(^ + /3) + cos (0 - /3) 

— - 2 cos (a-/3)-~ cos (^ + 7 ) ~ cos (0 ~ 7 ), 
prove that af=; 8 in®^, provided that the difference between any two of 
the angles a, 7 neither vanishes nor = 1 : a multiple of 2 t^ 
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Ti. sill (a + ^) sin (d + ol ± 1 . , •.! i ^ a . 

(8) If i = . . r- 1 prove that either a and Sor 0 and <h 

sin (a + 0) Sin ^ ^ 

differ by a multiple of tt. 

/9\ If 4. + +_^) ^ 2 

^ ^ sin(a4-0) ^ sin(j!!i-i 0) cos (a + 0) ^ cos O + 0) ’ 

prove that either a and /8 differ by an odd multiple of W, or 0 and 0 

differ by an even multiple of tt. 


(10) If {A +B + C) = ir and if cos ‘2>l = 


_ (d - a ) (b~c) 


(d-\-a) (b + r) * 


cos 2B = I'*, - , cos 26' . J « 

{d-\-h){c + a) (d + c)(a + b) 

then tanvl + tan7?-f-taiiC= ±1. 

(11) Jf cos a = cos ^ cos 0 = cos cos 0', 

^. 0 . 0 ' 

and sin a = 2 sin ~ sin , 

tan ^ = tan ^ . tan ~ 

J$ Z 2i 


then 


X bin a sin ^ ^ sinasm0 

(12) If tan0= — , then tan^=: . 

' cos 6 - cos a cos <f> ^ cos a 

(13) If p and 7 be two values of 6 which satisfy 

1 n 1 .,1 

- cos 0 + -- sin 0 = - , 
a h c 


then 


j3-i-7 , )3 + 7 j3-7 

(L cos —h sin — = c cos — . 

£ Z Ji 


(14) Given cos a cos ^ + a (sin a + sin /3) + 1 = 0, 
cos a cos 7+ a (sin a + sin 7) 4- 1 = 0, 
prove that cos ^ cos 7 + a (sin p + sin 7) 4- 1 = 0, 

and that cos a 4- cos p 4- cos 7 = cos (a 4- /3 4- 7), 

p and 7 being unequal and less than w. 


(lo) If 0^ and 0^ are two values of 0 which satisfy 
. cos 0 cos 0 sin 0 sin 0 ^ 

shew that 0^ and 0^ if substituted for 0 and <f> in the equation will 
satisfy it. 
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(16) Solve the equations 

cos + a) = sirf sin /3, 
cos (</> + /3) = sin ^ sin a, 

and shew that if and 0^ be the tw^ values of 0, 

(01 + 0a) — p ^ gec2 * 

(17) If cos {a4- -!-?acos 0 = ?t, 

cannot be greater than 1 +2«i cos a^ ni'. 


(18) Eliminate 6 and 0 from the equations 

X cos 6 ?/ sin 6 ^ x cos 0 ?/ sin 0 , 



a b ah 

0 — <f) = 2a. 


proving that 


x ‘^ ?/ 2 ^ 2 

^2 ft- ” 1 q. cos ‘2a * 
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GENERAL MISCELLANEOUS EXAMPLES. LIII. 

N.B. — For convenience in printing, some writers use n I to denote 
1 .2 

(1) A person walks from one end A of a wall a certain distance a 
towards the West, and observes that the other end R then bears E.S.E. 
He afterwards walks from the end B a distance (^^2 + 1) a towards the 
South, and finds that the end A bears N.W. Shew that the wall 
makes an angle cot“i 2 with the East. 

(2) A man on the top of a hill observes the angles of depression 
a, /3, 7 of three consecutive milestones on a straight horizontal road 
running directly towards him; prove that the height of the hill is 

1760 f - - ; — „ - j ^ yards. 

\cot‘^ a - 2 cot- jS -f cot- y/ 

(a) bin 2 (/3 + 7 ) + sin 2 (7 + a) + sin 2 (a + /3) 

= 4 sin a sin jS sin 7 cos (a + ^ + 7 ) + 4 cos a cos jS cos 7 sin (a + ^ 4 - 7 ). 

(4) If 2a + 2j3 + 27 = riTTj 

then 8in2 (j3-i-7) + sm2 (7 + a) + sin 2 (a + /3) 

n-l 

= 2 (-1)2 {1 - ( - 1)”} COS acos/3coS7 

n 

-f 2 ( - 1)2 {1 + ( - 1)”} sin a sin /3 sin 7 . 


( 5 ) 

loga log^N 

log* logoN _ 

logJogal^_ _ 

logftlog^a 

(fi) 

14 9 

10 

- J 



+ 77-4- . = c 


(V) 

If .l+jR + C 

= ir, and 




8in®0 

= sin (A - 0) 

sin (B - 0 ) Bin 

(O-ff), 

then will < 

20t 0 — cotA+cotB-i- cot 0 . 


(8) 

Eliminate & 

from the equations 



(a + 1>) (o' + i/) — cos ^ (1 + 2 sinV), 
(a - 6) (x - 2 /) = sin ^ ( 1 4 - 2 cob^0). 
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(9) If cos {d - 0) is a mean projj^rtional between cos {tt - (0-f 9^j 
and sin (^ + 0), then 

cosec 20 + sec 26 = cosec 20 + sec 20. 

(10) If A Be then cosec A cosec B cosec C -2 

= cotP tan C + cot G tan H + cot G tan il 4- cot ^ tan G 
+ cot A tan B 4* cot B tan A. 


(11) Prove that 

tan~^ ( ^ ^ ^ ^ 

\cos'^a 4* C 08 ^^ 4- CO8-7 -ij 

4 - tan-i [tan <r tan (<r - a) tan ((r-/3) tan (a- - 7 )] = tan 1, 
where 2 (T = a-h^-hy. 

(12) If 4 (a + -f 7 ) = TT, prove that 

cos (6/3 4- 47 - 8a) 4- cos (O 7 4- 4fl - 8/3) 4- cos (6a 4- 4^ - 87 ) 

= 4 cos (5a - 2(3 - 7 ) cos (5(3 - 27 - a) cos (07 - 2a - j 8 ) . 

(13) If l-x^-tf~z^ = 2xyz, 

prove by trigonometry, tiiat 

V (1 - + y V (1 - y^) 4- W (1 - - 2 V { (1 - (1 - y^) (i - ^-)l • 

(14) The formulae 

( 2 n 4- i) TT -t a, (/< - i) TT 4- ( - 1 )’‘ iiTT-a) 
represent the same series of angles. 


( 15) If ^ 4- 4- C’ = (2m 4- 1) 180° or 2wil80° 4- 90°, then 

(sin A 4- cos A) (sin B 4- cos B) (sin G 4- cos G) = 2 sin ^4 . sin B . sin D 

4- 2 cos A cos B . cos G+l\ 
and if .4 4- i?4- C' — 2771 180° or 2 wil 80 ° - 90°, then 
(sin A 4- cos A) (sin B A coaB) (sin G 4- cos C) = 2 sin A sin B sin G 

4- 2 cos A cos B cos 1. 


(16) Prove that if 

1)2 ^ (.2 _ 2()c cos a = 4- a- - 2ca cos j8 = a- + fr - 2(ih cos 7 — (V^ 

and a 4- 4- 7 = nir 

then iP - dr {(P 4- 5^ 4- c^) A oA A lA 4- ~ - chP - iPlP = 0. 

(17) If sin 26 4- sin 20 = sin 2a, prove that the three expressions 

cos 6 cos (a 4- 6) sin 6 sin (a - 0), 
cos 0 cos (a 4- 0) sin 0 sin (o - 0), 

« COS 0 cos 0 sin 6 sin 0, 

are equal to one another. 
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(18) Prove that if a» 6, c, d be^the sides of a quadrilateral, and 2«> 
be the sum of two opposite angles, the area of the quadrilateral is 

-^abcd cos^f^^), 

where A is the area of a quadrilateral with equal sides but inscribable 
in a circle. 


(19) If 


cos{a + p+ 6) _ cos (7+ a + ^) 
sin (a + /9) cos‘'^7 ~ sin (7 + a) C08-/3 


and fi and 7 are unequal. 


then each of these fractions is equal to 


cos (y + ^ + e ) 
sin (7 + /3) cos^a 


, and 


cot 0~ 


sin (/3 4- 7) sin (7 + a) sin (a + ^) 
cos ip + y) cos (7 + a) cos (a + p) + sin®(a + /3 4 7) ‘ 


(20) If cos A = cos B 4- cos^ B, 

sj2 sin ^ = sm P - sin® 7?, 
then -fcsin (7? - ^) = cos27^ = J. 


(21) If 4 cos (x - y) cos (y - z) cos (z-x) = \^ prove that 
1 4- 12 cos 2{x-~y) cos 2 (y - z) cos 2(z-x) 

= 4 cos 3 (x - y) cos 3 (y - z) cos 3 (2 - x), 

(22) If 

sin (/34-7) - A: sin (a4-5) = sin (7 + a) - /csin (/34-5) 

= sin (a-\-P)-k sin (7 + 5), 

where a, /S, 7 are unequal and each less than tt, then will — 1, and 
each member of the equations = 0. 


(23) 

then 


cos {p + a)+ cos (g 4- 7) _ cos (/3 4- 7) 4- cos (a 4- 7) 
COS (^ - a) 4- cos (a - 7) ~ cos (7 - /3) 4- cos (a - 7) ’ 
sin p COS jS _ 1 

cos 7 - cos a sin a - sin 7 sin \ (a - 7) ’ 


(24) If aj^cos acos p + x (sin a 4- sin ^8) 4- 1 = 0, 
and a:2cos/3coS74-a; (8in/34-8in7)4-l = 0, 

prove that a^^cos 7 cos a 4- « (sin 7 4- sin a) 4 1 = 0. 


(25) If a; 4- y cos a 4-^ sin a = cos ()3- 7), 

a;4-y cos/34-^J sin j3 = C08 (7 -a), 

a; 4- y cos 7 4- sin 7 = cos (a- j3), 
prove that a; = 4 cos J (a - ^) cos J (^8 - 7) cos i (7 - a). 
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(26) If 


(27) If a cos^ + &sm^ + c = 0, 

ft cos sin 0 + c = 0, 

C ^y2 = rt ft sfc i;, 

prove that either 0 oi (p must be of the form hnr + 

(28) If m is a positive integer, tlieii 


ft cos a + cos c cos 7 = 0 , 
ft sin a + b sin /3 + c sin 7 = 0 , 
ft sec a + 6 sec jS ^jc sec 7 = 0 , 
ft*^ +h* + c* - 2b^c^ - 2c^a^ - 2aV)^ — 0. 


2 cos 0 ~ 2 cos (f - 


cos (?;i+ 1) ^=cosr»^ j2cos^ 


where 2 cos 0 is repeated vi times 

(29) If 2.S* = x + i/-^z, prove 

(i) tan (s - .r) + tan (s - ?/) 4- tau (.s z) - tan .>> 

4 Rin X sin y sin z 

~ i - cos^ c - cos-// - cos -2 - 2 cos X cos // Ct s 2 ’ 

(ii) tan' 1 (.s - x) -h tan”^ {s -y) + tau“^ (.s ~ z) - tan~^ s 

_j }^yi 

+ y'^ + + 4)’-^ - 4 (ij^Z'^ -f 2^ -f r^//-) ’ 


(30) (1) 


sin {0 - / 3 ) sin (0 - 7 ) sin ( 0 - 7 ) sin (0 - a ) 
sin (a - /3) sin (a - 7 ) sin (/3 - 7 ) sm - a) 


sin (0 - a) sin (^ - Z^) _ ^ 

^ bin (7 - a) sin ^7 /:<)”*’ 

( 11 ) ( ’ - «) 

^ bin (a - bin (a - 7 ) bin (/i - 7 ) sin (fi- a) 

sin (7 - a) sin (y-jS) 

(31) If b^, c 2 , are in a. p., then tan^, tan tan C are in h. p* 


(32) If 


tan A tan B tau G 


and A B -[■ G = 180°, prove that 


each fraction is equal to 


A . sm B.G{--t-+-~ - — \ . 

\x y z x+y + z) 
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(33) y J ^ + OJi^ + 01.^ + / 12B2. 

(31) If a, 7 are the radii of the circles Oil (7, OCM, then 


a ^ * c _ a6c 
R^' 


(35) The sides of a triangle are 

+ .xy 4 y^, 2 ry ^ a.-, iC“ - y^; 

prove that the angles are in a.p., the common difference being 

' yj'^' 


2 tan 


\ 2 < +yj 


(36) 47e (v, , + ) j? 1 + r,rj) -= (c + r^) (i j + 1 J (c, + r^) 

(37) A = 2i cos 6 cos <p cos \f/, where 

COS 2d — tan W + tan hC, 
cos 20 = tan -+- tan ^ I , 
cos 20 = Un J I -t tan J71. 

(38) 4 (A A'- 4- ilil'- + CO'2) =3 (a- 4- b'^ 4- c"). 

16 (BB '^ . 00'2 4- CO'2 . J ^ 9 (^,2^2 ^.2^2 ^ ^2/^2). 

16 (^. 4 '*‘ {-iiil'-^4-OC'^) = 9 (a^ + 5 Hc^). [Art. 129 .] 

(39) If c^, b, Cf d bo the lengths of the sides of a quadrilateral such 
that one ciicle can be described about it and another inscribed in it, 
then the radius of the lattci circle is 

2 [abi d) 
a 4- 5 4- c + d ’ 


( 10) Given that x—y cos Z + z cos Y, 
y =2 cos X 4- X cos Z, 

and that A 4- Y 4- is an odd multiple of 180°, then 
z — x cos Y+y cos A, 


and 


cos X ; 


y^-hz-^- 


2yz 


(41) If A +B-j-C=.180^ and 

y sin C-z sin B _ z sin A - .x sin ( 
x-y cos Q ~z cos B y - z cos A~x cos C * 


X, y, z being real, then 


sin A 


-.y = 

’ sin i? " 


z 

sin G* 
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(42) In any triangle 

IV {a* + - 262 (j 2 cos 2 A ~ 2c^a- cos 2B - cos 2(7) = 2a^b^c^. 

(43) The radii of the escribed cycles of a triangle are the roots 
of the equation 

Sx^ + s (S - s^) + 8^Sx = Sh, 

where 22) is the sum of the squares of the sides. 

(44) 12RS = cos (B - C) + cos {C - A) + cos {A - B). 

(45) If O be a point within a triangle, such that AO, BO, CO are 
inversely proportional to the sides BC, CA, AB; B, B^, B.,, B^ aie the 
radii of the circles described about ABC, BOC, COA, AOB ; then 

(I, - = (J, - i) = (iT^ - J{) 

(46) ABC is a triangle in which the sides AB, AC are equal. 
Circles are described with centres A, B, C touching each other ex- 
ternally. Prove that the distance between the centies of the ciicles 
that can be drawn touching these three circles is 

(1 - cos B) (1 - 2 cos B) 

4 /; 4L5*co8ir * 

(47) Perpendiculars OD, OE^ OF to tlie sides of a tiiangle when 

produced backwards meet the circumsciibing circle in P, Q, B; prove 
that 4r {PD + QE -f B T) = 2bc + 2ca 4- 2ab - a- ~ b^- c^. 

(48) If pi, p 2 , pj are the distances of any point in the plane of an 
equilateral triangle, whose side is a, from the angular points, then 

PaV/ + PjW + PiV/ - Pi'* - P2 - Pi* + W + Pi + P/) = «*• 

(49) From the angular points of a tiiangle ABC are drawn per- 
pendiculars to the opposite sides and also lines bisecting the angles : 
if 0 be the angle between the two lines drawn from A, and <f>, ^ be 
coriespondmg angles at B, C, prove that 

1 + cos 0 A cos <p + cos =4 cos J (B - C) cos { (C - A) cos J (A - B). 

(50) On the sides of a scalene triangle ABC as bases similar 
isosceles tiiangles aie described cither all internally or all externally, 
and their vertices joined so as to form a new triangle A'B'C', then if 
A'B'C' is equilateral the angles at the bases of the isosceles triangles 
will be each 30<^, and if it is similar to ABC they are each 
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(51) Three circles touching e|fch other externally are all touched 
by a fourth circle including them all. If a, 6, c are the radii of the 
internal circles and a, y th^ distance of their centres from that 
of the external circle, then 


2 


\bc ca ab J a~ b^ 


52 + 


7 ^ 

C2 * 


(52) Circles aie described on the sides a, 5, c of a triangle as 
diameters; prove that the diameter T> of the circle which touches 
them externally is such that 

(53) If O be any point and pj, p,, the reci})iocals of the radii of 
the circles circumscribing the thiee triangles OBC, OCA, OAR, prove 
that 


(“Pi + ^Pi + cPi) (-«/>! + bp-i + cpj («/), - t>p.j + cpj) (ap, + hp.^ - f Pj) 


(54) Lines drawn parallel to the sides of a triangle ARC through 
the centres of the ciiclcs escribed to that triangle form a triangle 
A'R'C , piove that the peiimeter of the tiiangle A'R'C' is 

472 cot \A cot \R cot \C. 

(55) If RE, CF be the perpendiculars from R and C on to the 
opposite sides, and if FE and RC produced meet in Q, prove that 

2 (QE2 - QF^) = {RQ'^ - CQ^) (cos 2B + cos 2(7). 


(56) If 0 be any point within a triangle ARC the sides of which 
are abc, and if 72i , ifa be the radii of the circles circumscribing the 
triangles ROC, COA, piove that 

1 //3‘^ + 7^ 7^ + a2\ 

Rpia Rfy \ ’ 

where OA — a, OR—^, OC=y, 


(57) A chord is drawn cutting two concentric circles whose radii 
arc as 1 : w so that the intercepted portions subtend angles 2a, 2/3 at 
the centre ; prove that the chord is divided at either point of inter- 
section with the inner circle in the ratio 

w2 - 2?i cos (a + jS) + 1 : “ 1. 
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(58) A stiaight lino cut« three cYicentric circles in A, O and 
passes at a distance p from their centre. The area of the triangle 

foirmed by the tangents at ABC is f , 

(59) A polygon of 3 h sides, which are «, 5, c succi'ssively, repeated 
n times, is inscribed in a circle, if the angular points be A, C', I), 
etc., and the radius of the circle is denoted by r, prove that 

AC-= [ac + 2br sin \bc 2ur sin -i- <^5 4- 2cr sin . 

I I w) ( n\ 

(60) The tangent at the iioiiit of contact of the inscribed circle 
and the circle of nine points of the tiiauglc A BC cuts the side AC at 
a distance from A 

h (a -h) 
a — 2b-\-c * 

(01) tan a: — /i,a; has an infinity of roots. 

(62) The equation ^ = co8^ has one and only one solution, such 
that the value of $ is less than Jir. 

(63) 8 sin ^A sin ^B sin ^C is less than 1 except when the tiiangle 
ABC is equilateral. 

(64) If A 4- + C' = the least value of 

tan^ A 4- tan- B + tan^ C' is 1. 

(65) If A4-J3 + C = 900 

tan* B tan* C p tan* C tan* A 4- tan* A tan* B 
is always less than 1 ; and if one angle approach indefinitely near to 
two right angles the least value of the expression is 

(66) If A 4-^ + (7= 180®, the least value of 

cot* A 4- cot* B 4- cot* O is 1. 

(67) In any triangle cos A -f cos 2? + cos (7 is >1 and not greater 
than f . 

(68) sin A + sin B 4- sin C is never less than 

sin 2A 4- sin 2B 4- sin 2C, if A+B + C= 180®. 


L. H, T. 


12 
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TEWONOMETHY. 

1 K \ 

2 cos a- 2 cos a- “ / 

^2cos^ 2cos)3- 2cos/3- ‘ *) 
— 2oos(a + ^) 2cos(a + j3)~ 2cos(a + /9)" 


(70) Prove by induction that 

sin (a + /3 + 7 + .n angles) = + (^S^s^n-c) “ etc. 

cos (a + /3 + 7 - 1 - n angles) = ( 6 'J - + (^ 4 ^n- 4 ) “ 

where (<S^r^^n->) stands for the sum of the products of the sines sin a, 
sin /3, sin 7 . taken r together, each multiplied by the product of the 
(/i~?) remaining cosines. 

Shew that De Moivre’s Theorem is equivalent to these two 
theorems. 


(71) Prove that if n is an odd integer the two series 
n {n - 1) 7 i (71 - 1) (71 - 2) ( 7 t - 3) 

^ ■ "172“ iT2TF7r ’ 

n {n - 1) {n - 2) n {71 - 1) (n -2){}i-3) {n - 4) 

j[ 2 . 8 ^ f 7273.4.5^ ’ ’ 

are numerically equal, and if ii is an even integer one of the two series 
is zero. 


(72) Prove that ^ J — + --i 1- ^ » 

' ' l + a;3 Iq-a; 1 -aa; l~)3x 

where - 1 , a, ^ are the values of (- 1 )^, and deduce by writing 
X — cos 2^+1 sin 20 that 

3 tan 3^=tan ^-cot ((? + i 7 r)-cot 

(73) If sinlog (a + ii;) = a+ 1 / 3 , 

then log sin (a' + i5')=a' + i/ 3 '; 

«'=log,i^(a®+ 6 *), 6 '=tan~i^, 

a'=log^(a«+/32), /8'=tan~^-. 

a, 


when 
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(74) By writing in the identity 

1 _ 1 1 

(x - a) (x - h)~~ (a - h) (x - [a- b) (x-b)* 

cos 2^ + Ay( - 1) sin 20 for x and similar quantities in terms of a and 
for a and b, prove that 

cos (20 + a -h 13) sin (a - jS) = cos (2a + 0 -i- fi) sin (0-/3) 

- cos (2/3+0 + a) sin (0 - a). 


(75) Prove that 

cos (x + ly) = cos X cosh p - i sin x sinh y, 
sin (x+ ii/) = sin x cosh i/ + i cos x sinh y. 


(76) If 2x = 4 cos a cosh 5, 2y = 4 sin a sinh 5, then 

4»r 

sec (a + tb) + sec (a -- ib) = , 

sec (a + lb) - sec (a — ib) = . 

' x^ + y“ 


(77) One of the values of siu”’ (cos 0 + i sin 0) is 

co8~^ 0) sin~^ (Vsin 0) 

when 0 is between 0 and Jtt. 

(78) Beduce tan (cos 0 + 1 sin 0) to the form A +tBy and hence 

prove that cos 0 - ^ cos 30 + cos 50 - = =fc ^ tt ; the upper or lower 

sign being taken according as 0 is positive or negative. 


(79) If w is an imaginary cube root of - 1, 
jcos a+ wcos + +a;^COS + 

Jcos /3 + 01 cos (^(3 + ^+ 0)2 cos | 

= f jcos (a + /3) + 01 COS ^a + /3+ -Hoi*coa ^o + /3+y^| , 
and deduce the value of 

|cosa + oi cos ^a4- +oi‘^cos + , 

when n is a positive integer. 

(80) Prove that the real part of one of the values of (1 + 1 tan 0)~< 
«^cos (log cos 0). 


is 
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(81) + will be wf'iolly real or wholly imaginary accjord- 

ing as i j3 log (a^ + ?>-) + a tan"^ ^ is an even or odd multiple of J ir. 


(82) Prove that all solutions of the equation sinh:p=sinha are 
included in the expression .T = i;/7r + ( ~ l)”^a wheie n is any integer, 
positive or negative. 

(83) Prove the following rule for finding the length of a small 
circular arc; to 256 times the chord of one-fourth the arc add the 
chord of the arc; subtract 40 times the chord of half the arc and 
divide the remainder by 45. 

(84) If two sides a, h and the included angle (7 of a triangle are 
given, and a small error 5 exists in <7, the corresponding error in R is 

^ Sa cot A cos B cosec (7. 

(85) If the unit of measurement be a right angle, find the limit of 

tan d- sin 0 ^ ^ , 

2 ^ as ^ IS indef, diminished. 

(r 


(86) The limit when n is indefinitely increased of 


cos - -f sin 


3a\^ 


T^sinf/ 863 

(87) It ~y- = ^ , then $-5^ nearly. 

(88) If & = i7r nearly and n is > 1, prove that 

/ • Mn n- l + (w-l-l) sin 0 
' ' w -f- 1 -f (it - 1) sin ^ 


(89) If cos' 


1 £ co8“i —y. and b and x are both small 

a + b + x a-\-x 


compared with a, then 

anility 25 , 

x = — 1 1 I nearly. 

8 V a 810*7/ 

(90) If in the equation 


tan $=- 


cot aj + cot ag cot -f cot ^ 

the angles aj, ag, a3,‘a4 are all nearly equal, then one value of 6 is 
very nearly J (a^ + ag -f aj. 
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m 

(91) d differs from tand by k^s than Jtan^^, 6 being ^eas^ 


than 


4* 


. tan^d - sinh^a _ coth^a sin^^ - 1 sinh^a 

' tan^d - slnh^^ "" coth^/S sin-^ ^ - 1 ^ sinh^/S ' 

(93) sin (a - 2n]3) + sin {a-2(n-l)/3) +sin {a- (2n- 2)^} + . . 

4- sin { a + 2«/3 } = sin a cosec /S sin (2« + 1) /9. 

(94) tan a tan (a + yS) + tan (a + /3) tan (a 4- 2/3) 4- 

X f / 1 X ^ w / tan (a 4- n^) - tan a - n tan 

4- tan {a 4- (71 -- 1) /3} tan (a + n^) — ^ tan^ ^ ’ 

(95) sec a sec ( a 4- /5) 4- sec (a 4- j8) sec (a 4- 2/3) 

4- sec (a 4- 2/3) sec (a 4- 3/3) 
f ..ion terms 

= cosec /3 { tan (a 4- n^) - tan a } . 

(96) Sum the series to n terms and to infinity 

T+¥T4 + * 1 4t- 9 + iTi^ Tie • 

(97) tan~i 1 4- tan" ^ 1 4- tan^^ 4* tan~i 4- . to » terms 
n 


= tan"" 


714-2 ’ 


(98) Sum to n terms the series 

1 . tan 0 . sec 20 + sec ^ . tan 20 sec 30 4- sec 20 tan 30 . sec i0 + 

(99) (1 4- sec 20) (1 4- sec 4d) (1 4- sec 8^) . . (1 4- sec 2" 0) 

_ tan 2 ” 6 

"" tan 0 

(100) (2cose-l)(2ooB2«-l). = 

(101) Sum the series 

sin^ 3 sin 3d S^sinS^d 

r + 0-7-: . . to 71 term^ 


2 cos d 4- 1 2 cos 3d 4- 1 2 cos 3^ d 4- 1 

(102) The convergent of 
1 1 


2 tan a 4- 2 tan a 4- 2 tan a 4- 
(tan a 4- sec a)’* - (tan a - sec a)’ 


etc , is 


(tan a 4- sec a)^+* - (tan a - sec a)^+^ 
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(103) The sum of n terms (fi the series 
cos a cos 2a 


1 + 


-f . . = 0, if 7Ui = 7r. 


cos a (ps'‘ a 
(lOJL) Sum the series 

log (1-2 cos 0) + log (1-2 cos 20) + log (1-2 cos 2^ 0) + etc. 
to n terms. 


3 sin x - sin 3 c 3 sin 3x - sin 3^x 3 sin 3^x - sin 3^x 

cos 3a; ^ 3 cos3‘^j: ^ 3* cos 3^ a; 


(106) 

1 X t 3*^x \ 

to n terms = ^ tan x j 


(100) Tlie roots of the equation 

4x3 4-8x2^ 19x + 8 :=0 

a sin2|7r, sin2^7r, sin2|7r. 

( 107) Solve the equation a:^ q. ^2 _ 2a; - 1 — 0. 

[Result. 2 cos fir, 2 cos 2 cos Jtt. 

(108) (a; - 2 cos ^ ir) (a; - 2 cos | ar) (a; - 2 cos ^ tt) (.c - 2 cos | tt) 

=x* + 2x^ - ar* - 2a; 4* 1 . 

(109) The sum to n terms of the series 

cos 2a + 22 cos 4a 4- 3^ cos 6a + to 7i terms 

sin (2;i + 1) a n cos 2wtt sin 2?ia . cos a 
2 sin a ^2 sin* a * sin* a 

(110) Sum the series 

, 0 8in2^ 0^ 8in30 0^ 8in40 . 

^ 1 O sin»l> iT 2 73 ginM ^ 

(111) Sum to 71 terms 

(i) 1 4 - c sin a 4- e* sin 2a + etc. 

0 0 0 

(ii) tan - sec ^4- tan ^ sec - 4- etc. 

(112) Sum to infinity 

„ + 2a+ + 1) (»±^) «i„ 3„ + ... 

1.2 1 . 2.0 
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(113) Prove that 

(1 - C08» /x~+Tl + ^ COS X + 2h^ cos 2^ + etc. 


(114) log „ , , - - ,- = 4 i — sin’ 

' ' coa- d -\-b^ am-* 0 


a+ b 


sin® 0 - h 


fa- by . 
\a + b) 


sin® 20 


e 


a-bV . ^ ] 

— ] 8m®30-etc. 
+ &/ I 


xf'* 


(116) 1+^- =^{(i* + 2.-i-'C08^(T J3)}. 

(116) The roots of the equation 

sin na - sin {na + /3) + — sin (na + 2/3) - . = 0 

2 1 

are given by ac = sin (a + /3 - l<p) coseo (a - k(p) where k has all integral 
values from 0 to n - 1 and 7i<p = t. 

(117) Find the general value of 0 which satisfies the equation 
(cos O + t sin ^)(co8 2^ + t sin 20) {aos n0 + i sinn^) = l. 

(118) When n is even and if 7?0=7r, 

n 

tan a tan (a + <p) tan (a + 2</>) tan {a + (ii - 1) 0} = ( - 1)®. 

(119) When m is odd 

tan m0=tan </» cot tan ^<p + • • 

m-2 


(120) tan ^ + tan ^^+tan + •• • 

, f^m-1 A VI sin 1 U 0 

-f tan (2 TT + 0] = , 

cos vt0 - ( - 1) ® 

where = 4 the sum of the powers of the root of equation 
22-1 = 0. 


(121) If ^ = 


2»» + l’ 

2" cos ^ cos 2^ cos 2®^ cos2»‘“^^=l. 
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(122) If rt, ft, c, . are the rcjitn of the equation 

f-eto., 

then tan“^a + tan~ + tanf^'c + = tan"^ -I — ^ . 

1-J?3+P4---- 

(123) Prove that 

+ 6'-»^=: 2 (1 + 22) {1 + (H )*} {1 + im 

(124) The sum of the products of each pair of the reciprocals of 

the fourth powers of every positive integer is • 

w 2 2 2 2 2 2 

(125) tanf=— - 4- + „ +r ? • 

2 TT-y -rr + y Oir-y iw + y brr - y Stt+J/ 

V 2 2 2 2 2 

(126) cot^=:- 4 -— . 

' 2 y 2Tr -y 2 t + y 47r - 1 / 47r + y 

(127) Prove that the coefficients of and in the expression 

vanish; explaining a priori why they do so. 

(128) Having given the formula 

“"'’ = K^“5)(^‘2vO 

deduce the expression for cos 6 in factors 

(129) The coefficient of in the expansion of 

(130) By putting adbia for d in the expression of sin 6 in factors, 
prove that 

, 2 a 2 2 a* , 2 a 2 , . * 

tan-i +tan~i +tan-’ 5 ^- 0 + • -ad mf. 

2*Tr* o-'W^ 

= Jtt ~ tan“i {tanh a cot a} + nv. 


(131) If a series of points are distributed symmetrically round 
the circumference of a circle, the sum of the squares of their distances 
from a point on the circumference is twice that from the centre. 
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( 132 ) If ^1, ^2» -^3» ••• ^sn+i angular points of a regular 

polygon inscribed in a circle and O any point in the circumference 
between and ^2n+i » lengths 

0^2 ”f" 0-^3 + Oi 4 g -j- , . + — the sum 0^2 + 0 ^^ 4 " 

( 133 ) If from a point P straight lines PPj , PB^ , .. . PB^ be drawn 
to the middle points of the sides of a closed polygon A-^A^ .. ^n» *^^<1 
if the angles PB^A^^ PB^A^, . . PB^A^ be denoted by aj, ag, . 
respectively, and the triangles PA^A^t PA^A^, ... PA^A^ by Aj, A2, ... 
A„, prove that 

AiCota2 + A2Cota2+ . . + A,^ cot a,j = 0 . 
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EXAMINATION PAPERS. 

r 

I, Sandhurst — Further. Nov. 1882. 

1. Name and define the trigonometrical ratios. Prove that 

sec^ A + cosec^ A = sec^ A cosec^ A . 

2 

If the cosecant of an angle between 90® and 180® is , what is the 

secant? And if the cosine of an angle between 540® and 639® is -i, 
what is the cosecant ? 

2. Prove the following identities: — 

L (8m2A)2=2co8^^ (l-cos2^). 

ii. 2 cosec iA + 2 cot 4^ = cot ^ - tan A . 

iii. 2tan-^| + tan-'| + 2tan-'|=:| . 

3. In a plane triangle ABC prove that — 

i, tan A tan B tan G — tan A 4- tan B -f tan C. 

ii. asin^ + d sin B -h c sin C=2 (a cob A + cos B + y cos C), 
where abc are the sides and a/3y the perpendiculars let fall on them 
from the opposite angles respectively. 

4. Prove that the area of a triangle 

= i sin 2B + j;b^ sin 2 A ; 

and if R, r are the radii of the circumscribing and inscribed circles 

abc 

^^'’~4(a + 5 + c)* 

5. Given log 1J== *0791812 and log 2|- *3802112, find the value 

of 6)® X mantissae for 46929 and 46930 being 

6714413 and 6714506. 

In a triangle ABC, 5-14, c = ll, /I =60®; find the other angles, 
having given L tan 11® 44' 29" = 9 *31774. 

6. A measured line is drawn from a point on a horizontal plane 
in a direction at right angles to the line joining that point to the base 
of a tower standing on the plane. The angles of elevation of the 
tower from the two ends of the measured line are 30® and 18®. Find 
the height of the tower in terms of I, the length of the measured line. 
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II. Woolwich — Preliminary. JuTie ^ 1882. 


1. Prove that the angle subtei^ed at the centre of a circle by an 
arc equal in length to its radius is an invariable angle. 

One angle of a triangle is 46®, and the circular measure of another 
is IJ. Find the third, both in degrees and in circular measure. 

2. Define the secant of an angle, and shew how your definition 
applies to angles between 180® and 270®. 

If sec A=- 2, what two values between 0® and 360® may A have ? 

3. Obtain a formula embracing all the angles which have a given 
tangent. 

Determine all the values of d which satisfy the equation ; 

V3 tan^ ^ + 1 = (1 + ;^3) tan 

4. Find an expression for tan 3^1 in terms of tan A . Shew also 

that tan SA tan 2 A tan A — tan 3.4 - tan 2.4 - tan A . 

5. Prove that sin 18®=^^^^^ — 

and that sin* 30® = sin 1 9® sin 54®. 

Shew that in any circle the chord of an arc of 108® is equal to the 
sum of the chords of arcs of 36® and 60®. 


6. Demonstrate the identities — 

(cosec.4 + 8ec.4)* ^ 

' ' cosec* A + nee* A 

(2) sin 3^ =4 sin .4 sin (00® + /4) sin (60® -A). 

(3) 4 (cot -1 3 + cosec-i J5) = ir. 


7. What are the advantages gained by the use of logarithms cal- 
culated to the base 10 ? 

If logio2 = *30103, find the logarithms of 6, and 4 ^005, to 
the base 10. 


8. Prove that in any triangle- 
(1) 2bc COB A = b^ -h — a^. 

^ cos (A - B) cos C? _ + 6* 

1 + cos (A^C) cos B ’ 
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If rj be the radius of a circl^ touching the side a of a triangle 

and the other two sides produced, shew that — 

A B C 

-x — a 90s — cos — . 

If a be the side of a regular polygon of n sides, and i2, r, the riulii 
respectively of its circumscribed and inscribed circles, prove that 

i2+ r=:iacot ^ . 

^ 2n 

10. Two sides of a triangle, which are respectively 250 and 200 
yards long, contain an angle of 54® 36' 24". 

Find the two other angles, having given 

Z cot 27® 18'= 10-2872338, diff. for l' = -3100; 

L tan 12® 8' 50" = 9-3329292 ; log 3 = -4771213. 

11. The eye of a soldier in a straight trench of uniform depth is 
2 feet above a level plain on which he sees two men standing in the 
same straight line as the trench; the parts of their bodies above the 
level of his eye subtending at it the angles tan""^ -00416 and tan*^ *004. 
On walking 200 ft. towards them in the trench he notices that the 
height of one exactly hides that of the other; and, on approaching 
596 feet Sin. closer still he finds that the portion of the height of the 
nearer above the level of his eye subtends at it 45®. Find the heights 
of the men. 


III. Woolwich— P iiELiMiNABY. Dec, 1882. 

1. Shew how to express in degrees, minutes, and seconds, an 
angle whose circular measure is known. 

Find, correct to three places of decimals, the radius of a circle in 
which an arc 15 inches long subtends at the centre an angle containing 
71®36'3-6". (7r=3-1416.) 

2. Define the nne of an angle, and prove that 

sin A — sin (180® - .4) = sin { - (180® -\-A)]. 

Write down formulae including all angles which satisfy— 

(1) 2 sin .4 = 1, (2) 2sinM = l. 

3. Prove that cos (A — cos A cos D - sin yl sin Z, and deduce 
expiessions for cos 24, cos 34 in terms of cos 4. 

4. Given cos 4 = -28, determine the value of tani4, and explain 
fully the reason of the ambiguity which presents itself in your result. 
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5. Provo that t 

(1) tan 0 + cot ^=Ay{8ec2^ + cosec2^}. 

(2) sec ^ - tan ^ r= tan (Jr - Jd). 

(3) cos 20^^ + cos 100® + cos ttO® — 0. 

(4) cos~i g^g^ + 2 tan-^l^rrsin-^’ 

fi. State and prove the rules by means of which you can determine 
by inspection the integral part of the logarithm of any given number. 

Given log 4-06 = *6954817, log 4*9601 = *6954904, find the logai ithms 
of 496010, *000496, and 49600*25. 

7. Shew that in amj piano triangle a — h cos C -he cos R. 

If c = V2, A — 117®, ^ = 45®, find all the other parts of the triangle. 

8. Find the greatest angle of the triangle whose sides are 50, 60, 
70 respectively, having given 

log 6= *778151:;, 1/ cos 39® 14' ^-.9 *889064 4, diff. r = 1032. 

9. Express the area of a tiiaugle in terms of one side and the two 
angles adjacent to it. 

Two angles of a triangular field are 224® and 45® respectively, and 
the length of the side opposite to the latter is a furlong. Shew that 
the field contains exactly two acres and a half. 

10. Find an expression for the diameter of the circle which 
touches one side of a tiiangle and the other sides produced. 

If dj, do, dg be the diameters of the three escribed circles of a 
triangle, shew that d^d^ + dgdj = (u + 5 + c)-. 

11. A man standing at a certain station on a straight sea-wall 
observes that the stiaight lines drawn from that station to two boats 
lying at anchor are each inclined at 45® to the direction of the wall, 
and when he walks 400 yards along the wall to another station he finds 
that the former angles of inclination are changed to 15® and 75® 
respectively. Find the distance between the boats, and the perpendi- 
cular distance of each fiom the sea-wall. 

IV. University op Cambridge Local Examinations. 

Junior, Dec, 1886. 

1. Prove that the angle subtended at the centre of a ciicle by au 
arc equal to the radius is the same for all circles. 

Express the angle as a fraction of a right angle. 
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^2, Define the sine, cosine and/tangent of an angle. Prove that 
these trigonometrical ratios are always the same for the same angle. 
Find these ratios for an angle pi 45°. 


3. Prove that cos + J5) = cos A cos 2? - sin sin 7?. 

Prove that the sum of the cosines of two angles is equal to twice 
the cosine of half their sum multiplied by the cosine of half their 
difference. 


4 . Prove the following relations 


( 1 ) 

(2) 

( 3 ) 


tan -h B) = 


tan A + tan Ji 
1 - tan A tan B * 


(1 + 8in^ -f-cos^P = 2 (1 + sin A) (1 + cos .^1) 


sin SA + sin 5A 
cos 8/1 - cos 5A 


=:COtA. 


5. Prove that the logarithm of the product of two numbers is 
equal to the sum of the logarithms of the numbers. 

Having given log 2 = *3010300, log 7 = *8450980, find the logarithms 
of (l-75)i (24-5) 

G. Prove that in any triangle ^7^6' 

(1) a = b cos C + c cos B. 

(2) 2bc cos A -b^ + 

7. Shew how to solve a triangle when one side and two angles are 
known. 

Find the side b in the triangle ABC from the following data 
a = 156*22, B = 57°25', 0=63°42', 
log 15*622 = 1*1937366, L sin 57°25' = 9*9256261, 
log 15*37552 = 1*1868297, L sin 58°53' = 9*9325330. 

8. The angles of elevation of the top of a tower on a horizontal 
plane observed at two points distant a feet and b feet respectively 
from the base are found to be complementary. Shew that the height 
of the tower is feet. If 0 be the angle subtended at the top of the 
lower by the line joining the two points, prove that 

a^h 
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V. University of Cambridge Local Examinations. 

Senior. Dec. 1886. 

1. Explain the method of mea^ring angles in circular measure 
and find the circular measure of the angle of a regular pentagon. 

1-2 sin^ A cos® A 


Prove that 


tan'^/t cot^.<4 


Sin A cos A 


l-htan®i ^ 1 + cot^^ 

2. Establish the identities : 

,,, ^ . . 3- 4 cos 2^ + cos 4^ 

(1) tan^.4 = „ — i pr-- 7- . 

^ ’ 3 + 4 cos 2^ + cos ^A 

^2) sin ^ - sin 2? = 2 sin — ^ cos — . 

A £4 

If A+B + (7= 180°, shew that 

A Ji C 

(sin Ji - sin C) cot ^ + (sin C - mu A) cot ^ + (sin A - sin Ji) cot 2 = 

3. Find an expression for all the angles which have a given sine. 
Solve the equations • 

(i) cos ^ + tan ^ sec (2) sint^-2Hin 26?c()s0 4-cos3<^.= co8 20. 

4. Piove that in any triangle if a, by c be the sides opposite to the 
angles Ay By C 

,,, sinvl sin /I sin U ^ ^ ^ r 

^ ' a b c ^ ' R 

where r and R are the radii of the inscribed and circumscribed cii cles 
respectively. 

If the line joining A to the centre of the inscribed circle meets the 
opposite side in i>, prove that 

tan ADB = tan ^ . 

b-c 2 

5. If $ is the circular measure of a positive angle less than a right 

^3 

angle, shew that sin 0 lies between 0 and 0~ ^ . 

u 

( n 0\'^ 

- sin - j when 71 is indefinitely in- 
creased. 

6. Prove that, if 0 lie between 7 and - ^ , 

4 4 

0 = tan 0 tan* ^ 1 tan* 0 - 
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VI. MATHEMATiCAii Tripos, Part I. Juiie, 1882. 

1, Explain tlio different me.iiods of measuring angles. 

Find the number of degrees in each angle of a regular polygon of 
n sides (1) when it is convex, (2) when its periphery surrounds the 
inscribed circle m times. 

Find correct to *01 of an inch the length of the periphery of a 
decagon which surrounds an inscribed circle of a foot radius three 
times. 


2. Prove geometiically the foimula 

cos a-}- cos /3 = 2 cosi (a + /3) cos ^ (a- jS) 

Prove that 

2cos(a — /3) cos (^ + a) cos [0 f /3) + 2 cos(|3 - 7) cos (0 p) cos (^ + 7) 

+ cos (7 - a) cos {0 + 7) cos + a) - cos 2 (0 + a) - cos 2 (0 -f /3) 

- cos 2 + 7) - 1 

IS independent of 0^ and exhibit its value as a pioduct of cosines. 


3. Prove geometrically the formula 


tan (a + b) = 


tan a + tan /5 


"l-tanatanjS ’ 

Prove that if a, 7, 5 be four solutions of the equation 
tan (0 + ^tt) = 3 tan 3^, 


no two of which have equal tangents, then 

tan a + tan p + tan 7 + tan 5 = 0, 
and tan 2a + tan 2/? 4- tan 27 + tan 25 = 4. 


4. Prove that in general the change in the cosine of an angle is 
approximately proportional to the change in the angle. 

Prove that if in measuring the three sides of a triangle small errofs 
X, y be made in two of them a, 5, then the error in the angle C will be 


-e 


coi B + ~ cot A 
0 J 


and find the errors in the other angles. 
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5. Prove that in any triangle cos P + 6 cos ^ — c, and dodu<!fe 
the formula = a® + b^~ 2ab cos C\ 

Prove that if O be the centre of yie circumsciihing circle of the 
triangle ABC, the sides of the triangle formed by the centres of the 
three circles BOO, CO A, A OB will bo proportional to 

sin 2^ : sin 2P : sin 2(7. 

Find the angles of the new triangle correct to one second when the 
sides of the triangle ABC are in the ratio of 4 : 6 : 7. 

G. Find the radms of the inscribed circle of a triangle in teiins 
of one side and the angles. 

Piove that if P be a point from which tangents to the three 
escribed ciicles of a triangle ABC aie equal, the distance of P from 
the side BC will be 

\ (b 4* c) sec \ i sin \B sin 


VII. OvFoiin AND Cambuidoe Schools Examination. Eton, 1883. 

1. Given 7r = 3-141G, find the number of degrees in the unit of 
circular measure of angles. 

2. If sin0~ find tan d, cos2(?. 

in^ + n- 

3. Prove that all angles included in the formula 27 i 7 rrfca have the 
same cosine as a. 

Holve the equation cosO-j- J 3 sin 6-2. 

4. Prove the equivalents : 

(1) sec* 0 4- cosoc* 0 -= sec* 0 cosec* 6 , 

(2) cos 0 - cos 30 = (sin 30 - sin 0) tan 20. 

6. ABC is a triangle right-angled at A; BD meets AC in D: find 
AD in teims of CD and the angles ABC, ABD. 


L. II. T. 


1.3 



190 


TRIGONOMETRY. 


( 6 Shew that in any triangl^ 

(2) tHnJ(/(_c;) = ^coti I, 

(3) (fc - c) cot + (!•-<;) cot J/.'-h (a i)cotJO-^0. 

7. Find an expression for the radius of the circumscribed circle 
of any triangle in terms of the sides. 

The bisector of the angle A meets the side BC in D and the 

. 1 -1.1.,, 1 .1 . -r, lA 

circumscribed circle in E . shew that T>h~ . 

2(b-f c) 

8. If the ratio of two sides of a tnangle is 2 | and the 

included angle is OCF, find the other angles. 

d 0 

9. Shew that cos - -\-Ji - 1) sin - is one of the values of 

, /i ^ ' n 

1 

n being a positive integer AVhat are the other values? 


10. Sum the senes 

(1) cos 0 -f cos 26^ -f cos 3^ + . to ?? terms ; 

(2) hiu ^ \ sin 26 + \ sin ?»$ f- to infinity 


VIII. OxFOKi) AND CAMiminoK Hchooi^h Kxamination. 

For Certificates^ 188d 

1. What is indicated by TT ? 

What is meant by ‘ the angle ir ’ ’ 

The angles of a triangle are in A. Ih, and the ratio of the circular 
measure of the least to the number of degrees in the mean is 1 to 120. 
Find what multiple of a right angle is the greatest angle. 
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2. Define the tangent of an angl€. 

Prove that the tangent of a given angle has a single definite value. 
Find tan 30°, tan 90°. 

3. Prove geometrically that 


( 1 ) 


cot (A-B) = 


cot A cot J? + 1 
col B - cot A * 


/ox * A+B . A-B 
(2) tan — tan — : 


2 sin B 

cos A 4 - cos B ’ 


when A and B are each less than 90° and A is greater than B. 


What is the relation between A^ B^ and C when 

cot B cot O' -f cot C cot A + cot A cot B — I? 


4. Prove the following statements : 

(1) sin 11^ sin ^4- sin Id sin 3d = 8m 8^ sin 40, 

(2) 4 co 8^.4 - 4 sin^. I = 4 cos 2 A - sin 2A sin 4A ; 

(3) cos {x - ]/ -z)-i- cos (y - 2 - .r) 4- cos (z -x- y) 

- 4 cos a; cos y cos 2 vanishes, when .'r4-y4-2 is an odd 
multiple of a right angle. 


5. Shew that, when two sides and the angle opposite one of them 
in a triangle are given, there may be two possible values for each of 
the other angles, or one, or the triangle may be impossible ; distin- 
guishing between the several cases. 

Given that ^ = 50°, 6 = 1071, /i = 873; and that 

log 1*071 = -029789, log 8*73= *9 41014, 

L sin 50°= 9*884254, L sin 70° =9 *972986, 

L sin 70° 1' = 9*973032 ; find B, 

6. What is meant by sin~* x ? 

Prove that sin(^8in“'a) has four values for one value of a less 
than unity. 


13—2 
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TRIGONOMETRY. 


^ 7. Prove that, if the inscribed circle of a triangle touch the sides 

opposite 1)\ G in 7), E, F respectively, the square of the area of the 
triangle is equal to the product of Bl), GEy AF multiiilied by their 
sum. * 


Prove that in any triangle with tlic usual notation 


he ca 




(h c 
hi a 


c 

h 


a a 

Y jY + 
h (' 



8. Write down the expansion of a-^ in ascending powiTs of x, and 
deduce from it the theorem 


log, {1yx) = x- \x~ + ^ - etc. 


Find the limit, when x is infinitely diminished, of 
1 + log, (1 - a) 

ain^ X 


9. Prove that, by giving to r the successive values 0, 1, 2, 
(q - 1), we obtain q diffeient values of the expiession 


aq-2?7r . 
cos - + ;^/( - 

5 


l)Hin 


a f- 2171 


and that, whatever integral value we may give to r, we cannot obtain 
more than q different values, q being any integer 


10. Sum the series : 

(1) sin 2a + sin 5a f sin 8a ^ eto» to n terms ; 

(2) sin 2a + n sin 5a + sin Ba + . to 7i + 1 terms. 


IX. Oxford and Cambridge School Examinations. 

For GertiJicateSt 1886. 

1. Explain the reasoning by which it is shewn that an angle may 
be measured in circular measure. 

An observer who wants to determine the angle which the arc of a 
circle subtends at the centre makes an error of one-fifth of an inch in 
measuring the arc^ The radius of the circle is 100 feet. What is the 
error in seconds in the angle so determined ? 



EXAMINATION TAPE US. 


193 


2. Define the tangent and cosecant of an angle ; and express o1^ 
111 terms of the other. 

Trace the changes in the sign and magnitude of tan A urn A in- 
creases from 0° to 270°. 

3. Find the value of sin 18°. 

Points A, B, C, D aie taken on the ciicumference of a circle so 
that the arcs AB, BC^ and CJ) subtend respectively at the centre 
angles of 108°, G0°, and 30°. Shew that 
AB = BC+GD. 

4. Prove geometrically the following formula) : 

(1) cos 2a = cos2a ~ sin-'a , 

(2) tan a + tan /3 — (1 - tan a tan (3) tan (a j3) . 

5. Prove the following identities : 

(1) sin 60° 4 sin 20° sin 40° sin 80°, 

(2) sin (a -1- cos jS - sin (a + 7) cos 7 = sin (ft - 7) cos (a + ft 

(3) sin a + siii ft sin 7 - sin (a + ft + y) 

= 4 sm 4 (jS -f- 7) sin I (7 \- a) sin ^ (a 4- ft). 

6. Prove that the sides of a triangle arc proportional to the sine 
of the opposite angles. 

Three elements of a triangle arc 

a = 2, 6 = 1, d = 48° 20'. 

Find the lemaining angles, having given 
log 2 = 0-30103, 

L sin 48° 20' = 9*8733352, 

Lsin 21° 55' = 9-5720087, 

L sin 21° 56' = 9 -5723220. 

7. Find an expression for the radius, li, of the circles ciicum- 
scribing a given triangle. 

Shew that the radius of the cii cle inscribed in the triangle formed 
by joining the feet of the perpendiculars from the angles 011 the 
opposite sides is ecpial to 


2i^ cos A cos B cos C. 
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8. Shew that the height of a tower standing on a horizontal 
plane may be determined by observing its apparent altitude at any 
place in the plane whose distance from the base is known. 

What place should be chosen for making the observation, so that 
if a small error be made in observing the altitude, the ratio of the 
error in the calculated height to the height may be as small as 
possible ? 

9. Prove that cos ~0 + J - 1 sin - 9 is one of the values of 

p 

(cosd+ V -isin ey. 

Write down the other values. 

Find all the sixth roots of 8. 

10. Find the sum of n terms of the following senes 

(1) sin 0 + sm (^ + a) + sin (^ + 2a) + 

(2) sin ^ + 2 sin -f a) + 3 sin (0 + 2a) + 


X. Christ’s Church, Oxford. Entrance Scholarships. 1883. 


0 ^ 

1. Prove geometrically that d>sin^^ ^ ; 0 being less than a 

right angle. 

2. Prove the identities 

/X X / i cot ^ cotJi 1 ^ „ 

(!) cot {A + H) = ^ . geometrically. 

(ii) (cos A + sin yl) (cos 2.4 + sin 2/1) (cos /I - sin 3^1) 

Z cos 2 A cos 4/t. 

(iii) 2® (cosM + sin®^) ~ cos 8^ + 28 cos 4^ 4- 35. 

(iv) 2 cos (wcos-^ic) = (£c+ -iy. 

3. Shew that 

n im + n \m-\-nj \vi + nj ) 

Having given that log, 3 = 1*0986, find the value of logjo3. 
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4. Eliniiiiatt} a, from the equations 


£c=-(asiu 2 a h/^cos2a)cos2j3 + csin2j3, y acos’^ a + 6 sin^ a, 

z—{h- a) sill a 510 s a cos p. 


5. If circles can be both described about, and inscribed in a 
quadiilatcial, wlioso sides are a, b, c, d, and the angle between 
the diagonals 0, then 


d = cos~^ 


ac ~ hd 
ac + bd * 


0 . Solve a tiianglc, having given the base a, altitude b, and the 
difference of the angles of the base a. 


Account for the two values obtained for the voitical angle, and 
shew which of them is possible. 


7. Shew that m a plane triangle 

(i) i:(b-c)(s-a)cosA=30 

(ii) 4/2 = i\i + Vi 4" /’t — 1 . 

(lii) ----- % sin A f— Sill ‘2/M- J sin;i/i + 

^ ' ‘2 a + h ^ \a WV 

8 . The tuangle A'B'C' ciicumscribes the escribed ciicles of the 
plane triangle ABC; shew that 

B'Cr^ CA' _ A'B'_ 
a cos A b cos B c cos C * 

9. If K bo the centre of the nine-point circle of the triangle ABCy 
then 4AK'^==- R'^I-b- + c“ - wheie J2 is the radius of the ciicum- 
scribing ciicle. 

10. If cos 0 \/ -l)~cosa-f /v^-Tsina, and a, 0^ <p aio ical, 
prove that tan-d - tan- a = sin“d sec^ a, and find a relation between 
0 and <p. 

11. Sum to infinity the series — 

( 1 ) cos a tan <p-\ cos 3a tail * 045 - cos 5a tan”’ 0 

(li) 

tt'- ^ ^ 47r*> -h? 
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XI. yjL’ John’b College, Camiuudge. June Exam.^ 1879. 

I 

1. Explain the method of measuiing angles by degrees, minutes, 
&c. 

The numerical measures of the angles yl , 1?, C of a triangle when 
referred to units Z®, vi^\ a®, respectively, aio m arithmetical piogres- 
sion, and when referred to units p®, respectively, they are in 

geometrical progression. Find J, Ji, C. 

2. Define the sine and cosine of an angle, and prove that 

sin^ >1 + cos^.l ~1 

If cos'-^ A + cos 17 = 1 = A + sill i?, find A and i> . 


3. Prove geometrically that 


( 1 ) 

( 2 ) 


sill 2 A = 2 sin A cos A , 

. , sm 2.1 

tan .4 = , ^ . 

1 +COS 2 A 


If X > prove that 

2” cos dcos 20 con 2^0 cos 


1. Prove that 

cos A 4- cos B = 2 cos 4 (-1 1- B) cos h (A - B) 

Find 0 and 0 from the equations 

cos a {cos a + cos (a 4 ^)} = cos ^ {cos /3 4- cos (/3 4- 0)}, 
cos a {sin a 4- sin (a 4-^)}= cos /3 {sin p + nin (/34-0)}. 


5. If 0 be the circular measure of an angle less than a right angle, 
prove that sin^, 0, and tan^, are in ascending order of magnitude. 

If the unit of measurement be a light angle, find the limit of 
tan^ - sin ^ 

^ as 0 IS indefinitely diminished. 

0'^ 
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0. Expand log„ (1 + ,t) in a series of poweis of r 
Tiovc that 

2 {cos A + IcotiSl + I cos\4 ) - cob^ - siu-^ A -l- J 4 - sin^ J) 

+ ^(cos<^4d- 

7. In any triangle the sides arc proportional to the sines of the 
angles opposite to them. 

Through the angular point (7 of a triangle ABC is drawn any line 
CMN on which aie dropped perpendiculars d3/, PN. Prove that 
MN ^ AN cot BN cot A. 


8 Express the sine and cosine of lialf the angle of a tiiangle in 
teiiiis of the sides. 

If ABCy AAl'C' he two triangles, such that 

1 + cos d _ 1 + cos B 1 + cos C 
a' ~ y c' ’ 

prove that tan \ A tan J — tan J B tan ^ B' = tan i C tan ^ O 

9 Give tlie foimulas for the solution of a tiiangle in which one 
angle and the containing sidc's aie given. 

If (7 = 41^ ri = 43ft , ^==11 ft , find A and B 
Having given 

log2= aOlOfiOO, logfi~*17712i;h Ltan22'*_9r)0(>40‘M), 

L tail 34'> 17' -- 9'H38r)109, E tail 31'» 19' = 9 *8338823. 


10 Enunciate and prove Do Moivie’s thooiem 

11 n he equal to 3m ±1, piove that 


(«-l) n (n-l){n-2)) 


^ ( n (»-!)(» -2) («-: i) ^ «_(« - 1) (n - '■^U'LZ 3 -' _ ^vc. ^ 0. 

11 Enid the sum of the following senes, each to n teims . 


( 1) cos a + cos 3a f cos 5a H- 

4 * 1 

+ tan 


(2) tan '2 + tan i + i.-,.],; 


, -I tan ' . 


. f- 
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12. Resolve - 2.r'* cos ^ + 1 into factoi s. 


If w bo an even integer, prove that 


^ i^TT+d 

bin* ^ = 2 ” ( -1)2 cos - cos cos - - 

2 ' ^ n n n 


(2ii — 2) TT + 

cos i 

ti 


XII. St John’s Cohleoe, Camhuidge. Minou Sciiolauship, IMHI. 

A 

1. Shew that in the expression for tan in teims of tan J ^\c 
should a priori expect a double result. Find tan 112<’ . 30'. 

2. A triangle is such that the j^roduct of two sides is eipial to the 
square on half tlie base : pio\o that the diiTeience of the sides vanes 
as the distance from the vertex to the middle point of the base 

3. (i) If a: y, z be any angles, piove that 

bin ^ (a; - y - z) sin ^ (y - z) + sin ^ ( c f y - ^) sin ^1/ + '^) — ^ i sin y. 

(ii) Also if J, 7^, B be the angles of an isosceles tiiangle, 

2 sin^ (d - 71) (2 - cos A) — (sin* J -f- 2 sm-71) (1-8 cos A cos- 71). 

4. (i) Eliminate 0 from 

2 cos* O-i \ sec ^ = 3 ) 

2 sin ‘- 0 + /JI cosec 0 -3) ’ 

(ii) If a:* cos a cos ^ + .v (sin a + sin j8) + 1 — 0) 
and cos /3 cos 7 + a; (sin ^ + 81117 ) + 1 = 0 ) 

prove that x* cos 7 cos a + r (sin 7 + sin a) + 1 = 0 

5. Prove that the distance between the centie of the insciibed 
circle and the intcr.secti<m of peipendiculars fiom tlio angular points 
on the opiiosite sid(‘s of a tiiangle is 

2R {vers A vers Ii vers C - cos A cos B cos C} 
wheie B is the radius of the circumscribed circle. 

6. Prove that {cos 0 + />/(- 1) Hin 0} admits of no more than y 
values. 

Find the continued piodiict of the 4 values of 
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XIII. Examination roii Open Sciiolarsuips at Gonvii^le and 
Caius College;^ Dec ,, 18BG. 

{The same paper was also set for Open Scholarships at Pembroke 
College.) 


1. Define the cosine of any angle, and prove that 

cos ~ ~ 

If cosGyi be given, how many different values are possible for 
Bin A ? 

Solve the equation 

sm 70 i- sin 5^ - cos 20 -^1. 

2. Prove geometrically that 

cos (A - B) = cos A cos J9 + sin ^ sin B , 
where A and B are each less than a light angle. 

Shew that coa~* f - sin“* - -f tan“^ 1= r » 

^/l0 4 

where the angles denoted by the inverse functions aie supposed to lie 
between 0 and ^ . 

A 


3. If A -i-B + O — Tr, prove that 

, . . A . B C 

(1) cos A + cos P + cos C = 1 + 4 sin ~ sin - sm , 

(2) Hin- + sin2 + sin* {^~ + A^ 

~ 1 -f 2 sin 

4. Provo that, in any triangle ABC, 

-l- c* — 2bc cos A . 

If C -- ~ shew that 


+ 7>‘) sin (J+<?) (2 + '-‘)- 


2coH(J-ii)- 


4a6 -a^ -h^ 



200 


TJUaONOMETliW 


State the values of the radii of the circumscribed and escribed 
circles of a triangle ABC. If 11 be the radius of the circumscribed 
circle, and 7*1 the radius of that escribed ciicle which touches BG^ 
prove that * 

. A B C 

fi = iR sin - cos cos . 

J J J 

If D be the centre of the inscribed circle, and K the centie of tliat 
escribed circle which touches prove that the area of the quadri- 
lateral DBEG is 

41^2 gin2 ^ (sin B + sin C). 


0. Assuming the exponential value for the tangent of an angle, 
prove that, under certain restrictions, 

tan~^a; = x - + '~p - 

o o 


If both 0 and tan“^ (sec 6) lie between 0 and ~ , piove 


that 


tan^'i (sec ^) = T 4- tan^ | J tan® ^ 4- J tan^®^^ - 

4 46 ^ z 


vii. Shew that if n is integral, sin27i^ and co^2n0 can be ex- 
pressed as rational algebraical functions of tan 0. 

Express sin 100 in this way, and show how to deduce the values of 
the tangents of ~ from 71 =1 to 71 =9. 

viii. Defining the functions sinh 0, cosh 0 by tlie equations 

sinh 0=1 (e^ t^osh 0 = J (c'^ 4- c ^) , 

prove the foimula 

sinh ( a i ^) = sinh a cosh p i cosh a sinh p 
sin (a ± j3i) = sin a cosh (i i t cos a sinh p. 

0 

Shew that the limit of cosh 0 cosh cosh 

definitely increased, is • 



wlieii n is in- 
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XIV. Cj.auk, Caius, and King’s Colleges. June Exam , isfio. 


1. Draw a curve representing the change in sign and magnitude 
of tan 20 while 0 changes from 0 to tt 
D o the same for tan 2^-2 tan 6. 


2. I’rove geometrically 

/i\ ^ /A tanJ-tan7>’ 

(1) tan(/4-70=. , ,, , 

^ 1 + tan A tan li 

(2) cos ^A — 4 cos^ ^ - 3 cos A . 

If 3 (1 f tan-.l tan-7>) + H tan A tan 7) — tun- A ^ tun-J>, A and 7» 
diff(‘i l»y some multiple of f,7r. 


3. If sin 3/1 be given, and fiom this value tan /I is to bo found, 
show a 2 )rio) i that six values arc to be genoially expected 
1*1 ove by help of this, oi otherwise, that 


tan^ a { tan- ( Jtt *- a) f bin^ (^tt h a)J + tan- (^ir - a) tan- (^tt 4 a) 

— () sec^ 3a 4- 3. 


4 


If d 4- 0 4- = 0, prove that 

tan 10 tan l<p tan {>0 — 


sill 0 i- sin 0 i sin 0 
1 -I- cos 0 -1- cos 0 f cos 0 


( 1 ) 


Find cos.T fiom the equation 

{4 cos (c4-a) ~ 1} {4 cos (j: - a) “ 1} “ f) (2 cos 2a - 1) (2). 

Filiminate a from the equations 

8m0 _ coff0 _ 1 

2/7 sin 2a ~ 1 -f 2^ cos'“2a 4- /3 ’ ’ 

shewing that ^ = tan (^tt h ^0) (3). 


5. State the principle of proportional paits in the use of tables of 
functions. What is meant by saying that the differences are (1) in- 
sensible, (2) irregular? 


Prove that they are both insensible and irregular in the case of the 
logarithmic sine when the angle approaches ^tt. 

Determine, a limit to the error which can be made in finding the 

logarithm of 774- from seven-figure tables from those of 77 and 
N+lf where a lies between 0 and 100 and N' consists of 5 digits. 
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p. Explain fully the method of solving a triangle, given two 
sides, the included angle and a table of logarithms. 

ABC^ AB'C' are two triangles having AB^ BG equal respectively 
to AB\ B'C'y and A, Gy G' are cdJinear. If the angle BAB* is 1", 
find correctly to a tenth of a second the angle between BG and 
where AB = 2BG and Z ABG=:C)0\ 

7. ABG is a triangle and tangents are drawn to the nine-point 
and circumscribing circles at the four points where the perpendicular 
from A on the opposite side BG meets them. 

Prove that the four tangents form a parallelogram of area 
^2 cos A cos B cos G 
tan ( B ~ t/) 

8. Find the limit of the expression (90 - d) tan 6^^ as 0 approaches 
90. 


9. Given that ^^ = 2 cos7/j^ for all values from 0 to wi, shew 
that the formula holds when vi-hl is written for vi. Deduce the 

**- 1 

value of X* + ^ y m the most general form. 

X* 

0 ^ 0 ^ 

10. Prove that sin 0=0 — - 

li. If 

and deduce the exponential value of sin 0. 

Shew that sin~^ (cosec 6) = (2\ + 1) ^tt + ( - 1 ) le cot J (Xtt + 0)y 
where X is any integer positive or negative. 


11. Assuming the factorial expressions for sin 0 and cos d, prove 
that tan provided 6 he between 0 and ^tt. 

By means of the result in question 8, or otherwise, prove that 
the infinite product 


4.5 6.C 0^7 7.8 

2“r4 * 4 . G ' C . 8 * 8.10 


is equal to ^ . 

OTT 


12. Sum the series, 

cos a-fcos (a + /3) + to w terms . 
sin a + 3 sin 2a -f 5 sin 3a + . . to n terms 


(1). 

( 2 ). 
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XV. ChUIHT’S, EjIMANUKIi, AND SiDNEY SUBHKX CorJiKdKH. 
June Examiim^unif 1882. 


1 . Define the cosine and the tangent of an angle 
Tiace the changes in sign and magnitude of 

4- tan 6 


(1) tan Oy 
aa 0 ^ aries from to 3()0‘’. 




- tan 0 ’ 


2 . Tiove geometrically that 

sin^ - sin i>-2sin i (A ~ R)sin (A -i />). 

Shew that 

( 1) cos 2a cos- (/3 + 7 ) H- cos 2/5 cos- (7 I- a) 4 cos 27 cos- (a + j3) 

— cos 2a cos 2(3 cos 27 + 2 cos {(3 4 - 7 ) cos (7 + a) cos (a + /5) , 
sin I {a I- sm | (a_j- 7 ) siiU ( ^ + 7 ) t (^+ “) g 

sm i (a - (3) sin i (ct ~ ')) ^ sni i (/^ ~ 7) ^ 

sin ’ (7 + a) sin I (7 + 3 ) , « v 

+ n —{ 1 m 7 = (a -1- ^ -1 7 - 

biii4 {7 a)sin ^ 7 -/ 3 ) 


3. 


Find the hunt of 


sin 0 
0 


when 0 IS diminished indefinitely. 


In order to ascertain the distance of an inaccessible object P, a 
person measuies a length yt /I = 20 yards in a convenient direction; 
at yl he obseives that the angle PJ/> = W, and at R that the angle 
PBA~ll\)^ 20'. Find approximately the distance PP. To what 
degree of accuracy is your result coriect, supposing (1) that theio is 
no error in the measurement of the angles, (2) that there is an error 
of 1' in the measurement of each angle ? 

4. In any triangle ABCy shew that 

a = h cos r + c cos J>, 

and that u- = Ir + c* - 2/>c cos A . 

If N be the foot of the perpendicular from C on AB, and the circle 
on CN as diameter cut CA, CB m P and Q respectively, shew that the 
angle BPN is equal to the angle AQN. 
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(.5. ExpreHs the aiea of a tiiangle in terms of its sides 

A straight line AB is divided at C into two parts of lengths 2a 
and 2h respectively. On AG, CB and AB as diameteis senuciiclcs are 
descrihed so as to bo on the sailLb side of A />. If 0 be the centre of 
the circle which touches each of the thice scniiciicles, show that its 
radius 

_ ah {a + h) 

+ ah + h- ’ 

and that its diamctei is equal to the altitude of the tiianglo AOB 


6. Shew how to find the height and distance of an inaccessible 
object on a horizontal plane. 

A person wishing to ascertain the height of a tower stations him- 
self in a horizontal plane thiough the base at a point at which the 
elevation at the top is 80^. On walking a distance a in a ecu tain 
direction he finds that the elevation of the top is the same as befoie, 
and on walking a distance five-thirds of a at right angles to his 
previous direction, ho finds that the elevation of the to-p is 60^. Shew 
that the height of the tower is or Explain the two results. 


7. In a triangle ABC, I, 1' and 0 aie the centres of the inscribed 
circle, the escribed circle opiiosite A and the circumsciibing cncle 
respectively, and li is the radius of the lattei circle. Shew that 
(1) or^-^RHl-SsmU sin ]Bm\\G), 


( 2 ) 


tan 101' — 


2 (sin B ~ sin C) 
2 cos A -1 


8. Explain the meanings of sin^^a; and tan- 
How many bounding lines are lequired to construct all the angles 
included in the formula 

sin-i a + co8“^ h -f- tan-^ c ? 


Shew that sin”^ a -f cos~^ h = sin~^ (ab+ - a- js/l - h^). 

If xy -i-7/z-i-zx = l, prove that one of the values of 
,-i 2(x + y)(l-xi/) ^ ( y + 2) (1 - yz ) ^ (^_+x) (1 - 2x) ^ 


(l-x^Xl + y^) 


(l+y2) (1 + 2^) 


-fsm- 




.27r. 


9. Assuming De Moivre’s Theorem find the expansions of BinjiO 
and cos nd as homogeneous functions of sin 0 and cos d. 
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Find tlie ciiuatioii whoso roots luo , ian*^ , 

4:Tr Stt 

, and . Find also tli^ sum of tho fourth powers of 

these tangents. 

10. Investigate Gregory’s series foi the eximusion of tan “hr in 
powers of X. 

Expand tan ^ (» +cota) in poweia of t 

11. Trove that 

cos liO = ^cos 0 - cos ^ ^ ^cos 0 - cos 
Shew also that if P'^n 


(....JS-L-) 


, (2;+l)7r 

pOh'’6»_lV«- *'“* 2/t 2» 

cos?i<? ?< r 0 ^ ^ (27 4-l)7r 


cos 6 ~ COS 


2a 


12. If d, 7>, G, 7) be the angular iioints of a regular iiolygoii 
of a sides insciibt'd in a ciicle of radius <i and centre O, show that 
PA - . PP - . PC 2 ^ , 2 h _ ‘2a»h « cos nO + 

where OP = r and the angle AOP = 0. 

Tiovo also that the sum of the angles that APj PI\ CP^ make 

with OP IS tan~i ^ . 

cos nO-iA*- 


L. H. T. 


14 
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ANSWERS Tc/'tHE EXAMPLES. 

1 


1 -1 

2)1 ::r 1 

*5 

4) 

5) ♦04166G6==ixj\x^ 

0 ) 00833:33=:4x Jx Jxi 

7) -0013888 = 4x^x^x1 xi 

8) “-00011)84= JxJxixl, xjxl 

0) -0000248 = 4 X 4 X i X i x ^ x ) X 1 
10)^000027 = 4 X 4xjx4xjx|xixi 
•0000^2 = 4 x4xix4x4xfx4xjx^^^^ 


Whence 
by addition 


2-71828 


. . 1 1 
= l-fl + 2+ ^ 2 


2 . 3.4^ 


_1 

1 . 2 , 3 . 4 T 5 . 6 . 7 . 8 . y /l 0 


II. 

(3) The student sliould observe that each of these seiies is very 
slowly convergent. 

III. 

(2) log, 7 = 1-9459. 

V. 

Examples (1), (2), (3) indicate a method of obtaining the Log- 
arithmic and Elxponential Expansions. 

(6) This is a form of Euler’s Formula 

^ 0 0 0 0 0 
sin 0 =: 2 ^ cos cos ^ cos cos sin = 

2 2^ 2-* 2^ 2” 

when 0 is indefinitely increased 
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VI. 

(12) (i) (11) ( 

# 

vn. 

(1) V‘^ {COM (- 45“) + i Bin ( - , 2 (cos 30® f i sin 30«), 

2 (cos GO^ + 1 sin GO*’). 

(2) (1) 2 (cos 15« + 1 sin 15»), 2 (cos 135“ + i sin 135“), 

2 (cos 255“ + ism 255“). 

(ii) 2 (cos 10“ + 1 sin 10“), 2 (cos 130“ + i siii 130“), 

2 (cos 250“ -I - 1 bill 250“). 

(lii) -^y2 (cos G“ + i sin G“), >>J/2 (cos 78“ + 1 sin 78“), 

^J/2 (cos 150“ + 1 sill 150“), ^y2 (cos 222“ + 1 sm 222“), 

(cos 294“ + 1 sill 291“). 

(3) (i) il, ±V(-1). 

(ii) 2, 2 {cos 1 (2r7r) + 1 sin ^ (2/7r)} putting 1, 2, 3, 1 loi i 
successively. 

(ill) 3, f{_l + t^/;3j, ^{-1-1^3}. 

VIII. 

(1) 1, cos ^ (2i tt) + i sin I (2/ tt), wheie r ^ 1, 2, 3, 1 

(2) ( - 1) (u:2 - ^2x + 1) + 1) (x2 + + 1). 

(3) (.1 - 1) { -2i cos 1*5 (2i tt) + 1 } SIX factois putting 1, 2, 3, 4, 5, G 
for r. 

(4) (.c^ - 1) (^2 - a; + 1) ( t2 + a;+ 1). (5) - 2^fTCOS (?‘7r) + a^. 

(G) COS ^ (rir) + i sin } (r7r), r having each integral value from 0 

up to 11, 

IX. 

(1) (x'-a.V2 + l)(^3 + xv'a4 1). 

\/Z 

(2) (x’^ - V3a; + 1) (a;2 + 1) (a;2 + + 1). 

(3) a;2 - 2x cos (1 + 2r) 9“ + 1. 

(4) Solve the equation (x^ - \/Zx + 1) (x^ + 1) (a;^ + + 1) 0. 

(5) (.r + 1) {a;2 - 2x cos {tt + 2rir) + 1 } seven factors in all. 

(G) cos ^^^^^ + 1 sin ^ where r may have any integral 

value. 


14—2 
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TRIGONOMKTRY. 


X. 

(8) With the notation of Ex. (1) 

sin (a + + 7 + e) = }- 

cos (a 4 - +- 7 f- 5 + e) = f /g - , H N4C j . 

XIII 

(0) Put in Ex. 3, p. ‘28. 

(10) Put a = 0, /3 = 1 in Ex 3, p ‘28 

(17) — cos + i sin ; making this substiLutioii, 

IS expiessed in the form Then proceed as in Ex. 3, !>. 28. 

(18) c* = (>*^^ = cos (log ( ) + 1 sin (logc), 

.*. + [a + cos(logc)} + / {h \ sin(loge)J 

Then piocecd as in klx 3, ji 28. 

XIV. 

(1) The equation does not asseit that (wtt^O, but that 

0i7r = 0 + 2t/’7r. 

(2) — ^ does not assert that 1 (a - tt) — i (a + tt). 


XVII. 

(1) {x^ - 2x cos 15^^ 4- 1) ( r2 - 2 c cos lOS^ 4- 1) (x- - 2 cos lOS® 4- 1) 

(x^ - 2x cos 285'^ 4- 1) — 0 

(2) ( _ 2x cos 2^ 4- 1) ( r- - ‘2.r cos 74^ + 1) ( P“' - ‘2.c cos 146® 4- 1) 

X ( r- -- 2x cos 218® 4- 1) {x^ - 2x cos 200® b 1) - 0. 

(3) - 2.x cos J (3? TT + 7r) 4- 1 = 0, six quadratics. 

(4) x“ — 2.x cos (r x 72®4-30®)4-l =0, five quadratics. 

(5) x^ - 2x1/ 4- f/^, n factors. 

XIX. 
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XXII. 


(4) 


2n(2M-l). .(n+1) 

(2.^)2.(2n^^^ 

^ ^ w . (n - 1) . . 2 . 1 

..... (4n + 2)(4n + l) (2n+2) 

(2n + l)2n(2n- l)... 2.1* 


XXV. 

(1) ?i even, {(- l)^-coHna\ 2-”+^, wodtl, 2'”'^^ cos 77 a 

(2) 71 even, 0, ri 0 (id (- 1) ^ 


n 

cos 7ia * 


(8) 71 even, (- 1)^(1 - cos 77 a) 2~”+', 7iodd(- 1) sin 77 a 




( 4 ) 77 even, 

(5) (6) (7) tanna:=: 


1 - cos na 

n tan 9 


n odd - 


sin- na 

n (n-l)(77-2) ^ 

■ u i.s - 


1 - — tailed + etc. 

1.2 


by Art. 40 is an equation of the 77‘’‘ degree in tan d, of which tan a is 
one root, and tan + another; then proceed as in Art. 07 

71^ 

(5) The sum, n even, =- — + 77 ( 71 - 1), 

' ' tan^wa 

77 odd = 77^ tan- 77a + ti (71 ~ 1). 

(6) The sum, n even, — - 77 cot 77 a ; 77 odd, =71 tan 77 a. 

(7) The sum = 71 cot 77 a when n is even and = -71 tan 77a when 77 
is odd. 


XXVI. 

(3) Let u - (cos then log 7i - cot 9 log (cos 9) 

)(-id2+ )+(d--Jd«+ ) 

the limit of this = 0 when d = 0, therefore the limit of 77 is 1 

(4) - 00 . (5) Of the fifth order. 
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(8) 2 4»t+2| cos + ^os 4 (n - 1) ^ 

471 (471 - 1) (471 - 2) (4rfc - 3) 


2 . 3 . 4 


cos 4(77 -- 2) 0 4- ( . 


(10) By Art. 40, or Ex. 12, p. 47, the equation 

( tc - 2 ) 


n tan 6 ^ tan^04- 

1 . 2.0 

tan na — ■■ — i m .. . .i i ■ ■ , 

T , -X X TT 27r 

has for its roots a, a f , a 4- - j 
n n 

Put a = 0, 71 = 11, and divide by tan 0, when we have an equation 
in tan 0, viz. 

0 = 1-15 tan« 0 4- 42 tan^ 0-30 tan«0 4- 5 tan« 0 - tan^*’ 0, 

whose roots are =t tan i\ tt, d= tan tt, ± tan tt, 
writing x for tan2 0, we have the required equation 




XXVII. 


(1) 

sin 4 (71 + 1) a sin 4 na 
sin 4 ct 

(2) 

cos na . sin na 

sin a 

(3) 

sin 4 (371 - 1) a sin f na 

(4) 

sin ( 71 + 1) a sin na 

sin 4 a 

2 Bin a 


1 ( cos (714-1) a sin 77 a] tt • q 1/0 • -ox 

(6) — ~sin I* Use 8m^a = |(3Rina-sin3a), 

(7) Use cos^a==^ cos 4a4- icos2a4- 8 • 

(8) = J (sin 3a + sin a) 4- i (sin 5a 4- sin a) 4- h (sin 7a 4- sin a) 4- 

(9) = 4 { cos a - cos 3a 4- cos a - cos 5a 4- cos a - cos la { } 

(10) Use cos3a = J (cos 3a4-3 cos a). 

(11) Use sin-*a= |cos4a - ^cos 2a 4- 

27’7r 2 

(12) (^7r4-l7r) where r is any integer. 

(13) 0 and In. 

(16) 4/1 (u 4-1) (17) |7 i2 (714-1)2. (18) 47? (714-1) (71 + 2). 

(19) Write 5 + TT for 5 (20) Write 5 + tt for 5 
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XXVIII. 

(1) coseo 0 {tan (71 + 1) 0 - tan ^|. 

(2) oosec ^ { cot <? - cot {71 + 1) ^ } 

(3) sec 0 { tan {n + 1) (^ - Jtt) + cot 0] , this may be proved by putting 
0 - Jtt for 9 in Ex. (1). 

(4) Each term in this series is onedialf the corresponding term in 
Ex. (1). 

(5) J cosec {sec ^(27i + l) a- sec Ja} 

(6) J cosec ia { cosec Aa - cosec 4 (2/i i 1) a | . 

(7) i sin 20 - ~ sin 2'‘+‘0. 

(8) isin20-(-l)-‘^--,sin2-H>0. 

(9) isin20-(-l)'‘2'‘-2sin2-|^, . 

(10) The result is similar to that in Ex (5) 

(11) ^ sec a { COSGC a - ( - 1)^‘ cosoc (2/7 + 1) a } . 

(12) tan-i(n + l)-tan-il. 

(13) tan~^ (a + l) a - tan-^ a. 

(14) tan~^ {ii + 1)*-* a- - tan~^ a-. 

(15) cot 9 " 2" cot 2”^. 

(IG) The series reduces to [Bee Ex. 5, p. 80] 

2 (cosec 2a + coscc 4a + cosec 8a + . . to w terms). 

(17) \ {cos 2^ - cos 2^‘+^ 0}. (18) 1 jcos - cos 4^| . 

9 \ 9 

(19) I cosec^^ “ cosec^ 2" ~* (? (20) ^ cosec^ - cosec^ 9 

a 

(21) cot ^ - cot a. 

(22) The series reduces to [Ex. 5, p. 80] 

sin a (coscc 2a + coscc 4a \- cosec Ba + to 71 t(*i ms) 

(23) l--i, . (24) 22“ -1. 

' ^ 714 1 
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^ ' l~2x cos a + 

Bin a - cos a sin (a -^) 

' i - 2 cos a cos ^ cos^ a ’ ' 

(5) sin (sin a) (0 

(7) c cos (cos a sin p). 

(8) sin (a - cos a sin fi) 


. cos a — X cos (a — /?) 

1 - 2.r cos^+ 
cos a - sin a cos (a - j3) 
' 1 - sm a cos^ + sin^a 

(0) e Sin (a; sin a) 


/o\ — cosatosp / • /A\ 1 

(8) Sin (a - COS a sill (0) la. 

(10) - log (2 sin J a) (11) ^ log (1 + 2 sin a cos /:? + sin'-^a). 

(12) - J log (1 - 2 cos 0 cos (p + cob- 0). 

cos a - i cos (a - ft) - t'^cos (a 4 nft) + cos |a + (/i- 1) ft} 

1 - 2a; cos ft +.i^ 

(14) 

X sm a 4- a- sin (a - /^) 4- ( - 0“^^ + vft) -~{- x)^^ ^ sin { a + {n - l)ft } 

1 + 2 1 cos ft + 1 “ 

(15) 2” cos**^ a cos Ina 

(16) ?”sin (a4-n0), when >- = 1 }-2xeoBft+ i-, and 

, X sin 8 

tan 0 = 3 

^ l+XCOBft 

1 - cos a cos ft ~ cos” a { cos ?i/3 - c os a cos (?t -1) ft] 

^ 1-2 cos a cos ft 4- cos'^ a 

sin a { 1 - sin (a - /3) } - sin”a { sin (a 4- vft) - sin a sin (a ^ n - J j8)J 
' ^ 1 - 28in acos^ + sin-a 

/in\ («d 1) sinwa-nsin (ii4-l)a 
(Ij) 2(l-co'^a) ~ ‘ 

. . 7r {cos ?ia - cos (a4- 1) a} 4-2/1 cos iia smasini/a 
2(1 -cos a) 2(1 -cos a)-’ 

r , 

(21 ) ? ^sin ~ , where ? - = 1 ^ 2 cos a cos ft {- cos^a, and 


tan 0 = 


cos a sin ft 
1 cos a cos ft * 


(22) The sum of a* cos 0 - 1, a**’ cos ^0 4- etc = 1 tan ^ ’ *** 

required sum = J (2?/ 4 - 1 ) tt. 
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(23) 

(24) 




i X 1 COS y 

\ tan~^ - -- . 
^ Sinn X 


(25) tan-i 


e* sin X 
1 + t'* cos X ‘ 


XXX. 

(1) cosec </j {sin 0 + asm 20 + a- sm 30 } by the method of 
Art. 77. 

(2) sin a h a; sin 2a + a;2 sin 3a+ ... 

(3) 1 - .r cos d + x‘^ cos 20 - sc** cos 3^) + etc. 

(4) - 2 (r cos a + 4a!“COs2a+ ^ t'*cos3a+ } 

(5) sin a + as sin (a + /3) 4 x” sin (a + 2/3) 4- 

cos 2a cos 3a 

(G) l + xcosa+ ;|^ 2^ ^ 1 2~3^ 


(7) 1 + rx cos 

where 


co«2(tan-’J') + 


(8) The coeflieicnt of a" is 


2 (a^^y‘ JW 


[» 


cos — cos 


f/r ^a^-lr\ 

12*“" W|- 


(9) X sin a + ^— 2 sm 2a + ^ ^ sin 3a + 

•T^ 

(10) cos a + X cos (a 1- /3) 4- ^ cos (a + 2/3) + 

(11) sina+ X sin (a I /3) I 2 sin (a + 2/3) + ^ ^ ^Bin(a + 3/3)f 

td) — 1(/» id —id 

/1 1 -r e e ~e 

(13) Heie ^ — 7 i ^ 

' ' t(h — l<\i i.9 — lO 

e * + e ^ e +6* 


2f(ii 2id It if' 
e ^ — e 

1 H re^ 


+ 6 ' 
-2/d 


wlieie r - 


1-71 


. *. 2/0 4- 2/m7r = 2//? + lo*' (1 + rc* “^^) - log (1 + 7*t’^*^) 

04-7;i7r — (^-7*sin2<?4-^7'2sin40- . 

(14) sec” ^==2” {cos 71^ -71 cos (a + 2) ^ + ^* cos (?/ + 4) <9 } 

X • 2 

/ir\ n 1 + „ 7i(// 4 l)(a ■|-2)(a f 3)^ , 

(15) cos 17a cos"a = 1 - tan-a } ^ 'tan^a- 

i 2 L » 2 o ± 
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(yi) These series aie lecurrmg series 
1-3 cos 6 3(12 cos 6) 

1-6 cos 6» + 9 ^ 1 - 4 cos 0 + 4 ' 

( \ 1 i ^ ^ ^ 8^sin^? [ 

3 (1 - 2ccos^-|- r“ ^ 1 - 8r cos <9 I- 16 /‘’J 
XXXI 

(1) Use the second of the identities in Art. 89. 

(5) Put Jtt for d in the expression of sm 6 in factoi a. This ex- 
pression IS known as Wallis’s exiiression for tt. 

(15) Put IX for 6 in both sides of the identity. 

(17) ^^^!^^-^ = cosd4-cotasin^, use this transformation in Ex. 

sin a 

(8), expand cos 0 -I- cot a sm d in ascending powers of 0 by Ait. 41 and 
equate the coefficients of 6 on each side. 

(19) This result may be deduced from Ex. (13) 

(20) Put ^TT - a lor a in (19). 

XXXIII. 

(ii) 8-0563377. (in) 8-4S31473. 

(ii) 55' 37"- 4. (ill) 1«1T36"8. 

XLIX. 

(1) - 1-708 {1-t 2-00.35} (2) 3-9705 {1 i -91032} 

L. 

(1) (i) 2cos40^ 2cosl60«, 2cos800. 

(ii) V2 cos 15«, cos 1350, ^2cosl05o. 

(iii) 2cos400-f-l, 2 cos 160® -fl, 2cos800-fl. 

(iv) 2 cos 450 - 4, 2 ,^2 cos 1650 - 4, 2 ^2 cos 75^ 4 . 

(v) 4 cos 100-^3, 4 cos 1300 -^3, 4cosll00 - ^/3. 

(2) (i) 3a = 900-P22'. ( 11 ) .3a = 650 41 '5.3". (ni) 3a = 740 55'47". 


(1) (i) 8-4832162. 

(2) ( 1 ) 10 41'36"R 
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(3) (i) Find a and /3 such that rt = tan a, 6 = tanj3, then 

a-Lh = sin (a =fc /3) sec a sec 

(ii) a cos O^h sin 0 — a cos (O^ct) sec « , where tan a = 

(lii) 4 sin .J (B + O') sin J ( O {- A) sin \ (A+R) 

(iv) 4 sin {B - a) sin [mO ~ a) cos - ni6). 

(v) 4i2 sin A sin B sin 0. 

LI. 


(2) Divide the first equation by tho second by b, square both 
sides and add. 

(3) The second equation gives cos- a — ^ . 

(7) h^=zc^ - %ic cos 2<p + 

(9) cos4^ = ^(2m^- r>), sin (a - 4^) — ^ sin a, and so on 


(91) sin^ is greater than O-\0^ when is less than Jtt. 
cos B is less than 1 - ^ -j- ^^4 B^. [Art. 41, 4r> ] 


Therefore tan (7 is gi eater than 




10^(1- ^ B-\ 

That is, tan^ is greater than B + ^B^ + - — p — — ~ , and if B ia 

1—^0“ -f 24 B 

loss than J tt the last fraction is positive. 

(96) tan-' J-tan-i ~ - -jw " . . tiin-’A. 

' ' •* (« + 1 ) (« + 9 ) ‘‘ 

2Bin0cos))0oos(n + l)0 urn 20 ' 

(101) J{coti(»-3"cot 

(104) See Ex. 100. (110) 2ooB5e®“*®. 


(Ill) (i) 1 + 


e sin a—e^ sin na + sin (n -1) a 


1 - 2c cos a -i- c“ 


(ii) tan/?-tan-^ 


- sin l/i (t - a) 
2’* sin” Aa 
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ANSWERS TO EXAIVWNATTON PAPERS. 


I. 


5. 


1 . 

3. 

10 . 


7. 


11 . 


2 . 


4. 


2 . 


3. 


8 . 


1 . 


10 . 


•1(;9296; 7P44'29", 4Hn5'31". 


Z2__ 

cot*^ 18^ + cot- 30" 


130® 


270« 


iTT- 


mrY\Try riTr + lTr, 

74“ 50' 38", 50“32'58". 


IT. 


2. 120“, 240“. 

7. l~log2, 3 log 2 ~ 3, 7} log 2-1. 
11. 5 ft. 4 in., 6gft. 


III. 

C=1S\ 6 = cosecl8“, a = cot 18“ - 1 8. 78“ 27' 27". 

15C-4, 65G 4. 


VI. 

2 cos {(i - 7) cos (7 - a) cos (a - p). 

^ _jy 

h sin O b * a sin O a 


tan ^ = , cos2^ = 

2mii 


VII. 

m* + 71* - 


cos (<9 + ^7r) = l. 
7?- C = 90“. 


CD sin ABD cob ABC 
Bm{ABC~ABD) ‘ 
10 ( 2 ) ^0-h{2r + l)7r. 


AD = 


VIII. 

3. A+B + C^-{n\-^)7r. 

TT 

sin i (a 4- 3?ia) sin ^?ia ^ 


( 1 ) 


sin ^ a 


(2) See XXIX. (16). 
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IX. 

1 ns 

1. 8. See Alt. 125. 10. See Ex. xxix. 10. 

w 

X 

11. (i) See Ex. XXVllI. (22). (ii) See Ait. 02. 

(Ill) Sec Ex. XXX. (18). 


XI. 


, (/« 2/>"' 

1. - H — — , — - 

I n in pq 

2. ^ — 2j3 + 2/i7r, <f)~2a i-2imr. 

11. (2) SeeXLlII. (00). 


;o 

1- ^ j , J'* 1 


180 '\ 


G. 


\11 


XIll 


1. Bin (19 - ^tt) c()h(!;6' \ ^7r)coH0-=O, 


vii. cuy 2nd 




2/i(2/i-l) 




^ tau2 9 1 


^ (1 i tiin^ 9y^ 

[Art. ly.J 


XIV. 


12 . ( 2 ) 


(2/1 + 1) sin na ~ (2n ~ 1) sin {n + 1) a - sin a 
2 (1 — cos a) 


XV. 

9. See answer to Ex. XXV. (10). 

10, riT -f .^TT - { r~' - i x~^ (sin a)~^ sin 2a f ^ ^ ^ (sin a) sin 3a - 
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